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SAMENVATTING 
________________________________ 
 
 
Na de voortschrijdende instorting van het appartementsgebouw Ronan Point in 
Londen in 1968 werd robuustheid voor het eerst erkend als een belangrijk 
aandachtspunt in het structureel ontwerp. Sindsdien wordt robuustheid beschouwd 
als een noodzakelijke constructieve eigenschap, die dan ook werd opgenomen in 
de huidige ontwerpnormen, zoals de Europese norm EN1990 (CEN 2002). De eis 
met betrekking tot robuustheid wordt daar omschreven als volgt: “Een constructie 
moet zodanig ontworpen en uitgevoerd worden dat zij niet zal worden beschadigd 
bij voorvallen als ontploffingen, schokbelastingen, en de gevolgen van menselijke 
fouten, in een mate die niet in verhouding staat tot de aanvankelijke oorzaak”. Met 
betrekking tot deze eis vermeldt EN1991-1-7 drie strategieën om het effect van 
buitengewone situaties te beperken: het ontwerp van kritieke elementen, het 
beperken van schade via alternatieve draagwegen en de toepassing van 
voorgeschreven maatregelen. Procedures om constructieve robuustheid specifiek 
te begroten, zijn echter niet opgenomen in de Eurocodes. Met betrekking tot de 
tweede strategie (alternatieve draagwegen), kan uitwendige versterking met FRP  
aangewend worden om de constructieve robuustheid te vergroten. Het is dan ook 
van belang de invloed van FRP versterking op de robuustheid van constructies te 
kwantificeren. Daarnaast werd in recent onderzoek ook reeds aangetoond dat 
membraanwerking een positief effect heeft met betrekking tot de draagkracht van 
gewapendbetonconstructies. Tot op heden werd echter nog geen onderzoek 
uitgevoerd naar het effect van membraanwerking op de robuustheid van 
gewapendbetonconstructies uitwendig versterkt met FRP laminaten. 
 
De voornaamste doelstelling van dit doctoraatsonderzoek is het onderzoeken van 
de invloed van uitwendig opgelijmde FRP versterking, al dan niet in combinatie 
met drukmembraanwerking, op de robuustheid van gewapendbetonconstructies, 
rekening houdend met de context van de Eurocodes en de beschikbare 
methodologieën om constructieve robuustheid te kwantificeren. Om het onderzoek 
uit te voeren, wordt gebruik gemaakt van constructieve analyses in combinatie met 
probabilistische modellering, Monte Carlo simulaties en risicoanalyses. Dit 
proefschrift omvat drie grote delen, nl. onderzoek met betrekking tot de 
membraanwerking (meer bepaald drukmembraanwerking) van FRP versterkte 
 XVI Samenvatting XVI  
 
betonconstructies, de analyse van beschikbare technieken om robuustheid te 
kwantificeren en uiteindelijk een toepassing van de werkwijzen op een betonnen 
raamwerk met het oog op het evalueren van de invloed van FRP versterking en 
drukmembraanwerking op de constructieve robuustheid. 
 
In het doctoraatsonderzoek wordt eerst een model voorgesteld voor de 
drukmembraanwerking in FRP versterkte in één richting dragende 
gewapendbetonelementen, vertrekkende van het model van Park and Gamble 
(1980). Analyse van de constructie-elementen uitgaande van 
vervormingscompatibiliteit en krachtenevenwicht leert dat drukmembraanwerking 
de draagkracht van FRP versterkte in één richting dragende 
gewapendbetonelementen significant bevordert indien voldoende longitudinale 
vervormingsverhindering voorhanden is. 
 
Om het effect van drukmembraanwerking op de constructieve betrouwbaarheid 
van FRP versterkte betonelementen te begroten, is er nood aan een probabilistisch 
model voor de treksterkte van unidirectionele  FRP composieten. Een nieuw 
stochastisch model voor deze eigenschap wordt voorgesteld, aangezien slechts 
beperkte informatie gevonden kan worden in de Probabilistic Model Code (JCSS 
2001) en de gangbare ontwerprichtlijnen. Een relatief uitgebreide database (met in 
totaal 80 datasets) wordt samengesteld op basis van resultaten uit de literatuur. De 
normale, lognormale en Weibull distributies worden voorgesteld om aan deze data 
gefit te worden en hun geschiktheid wordt geverifieerd op basis van de Anderson-
Darling test statistiek (gevoelig voor de staarten van distributies) en een 
hypothesetest. Op basis van de gefitte resultaten en de hypothesetesten blijkt dat 
zowel de normale, lognormale als de Weibull distributie gebruikt kunnen worden 
om de treksterkte van FRP composieten te modelleren, aangezien ze alle aanvaard 
worden op basis van de hypothesetesten. In overeenstemming met de voorstellen 
in richtlijnen voor composieten (e.g. MIL-HDBK-17-1F (2002)) en de beschikbare 
literatuur, wordt de Weibull distributie voorgesteld voor de treksterkte van 
unidirectionele FRP composieten, omwille van de theoretische onderbouwing van 
de distributie en omwille van het feit dat – in vergelijking met de normale en 
lognormale distributie – conservatieve waarden voor de fractielen en 
ontwerpwaarden worden bekomen. Verder worden eveneens statistische 
onzekerheden (gerelateerd aan parameterschattingen) onderzocht en een 
formulering voorgesteld voor het bepalen van een ontwerp-gerelateerde 
karakteristieke waarden voor de treksterkte van unidirectionele FRP composieten 
op basis van testresultaten. 
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Op basis van het voorgestelde stochastische model voor de treksterkte en de 
modellen aanbevolen in de Probabilistic Model Code (2001) voor eigenschappen 
van beton en wapeningsstaal, wordt het aangepaste model voor 
drukmembraanwerking van FRP versterkte betonelementen verder onderzocht op 
probabilistische wijze door gebruik te maken van Monte Carlo simulaties. De 
betrouwbaarheidsanalyses tonen aan dat de invloed van drukmembraanwerking op 
de veiligheidsindex van FRP versterkte betonbalken significant is. Verder worden 
ook een paramaterstudie en sensitiviteitsanalyses uitgevoerd. De parameterstudie 
toont aan dat het effect van de FRP wapeningsverhouding afneemt, naarmate deze 
waarde toeneemt. 
 
Indien het beschouwde element echter aanzienlijk is versterkt met FRP wapening, 
is deze afname verwaarloosbaar. Een gelijkaardige conclusie geldt voor de FRP 
modulus en het wapeningspercentage. Daarnaast geven een toename van de 
vloeigrens van het wapeningsstaal en de betondruksterkte aanleiding tot een 
toename van de veiligheidsindex, terwijl een tegengestelde vaststelling geldt voor 
het effect van de uiterste betonrek en de verhouding van de overspanning tot de 
nuttige hoogte. De sensitiviteitsanalyse toont aan dat in het algemeen een toename 
van de variatie van een van de veranderlijken aanleiding geeft tot een afname van 
de veiligheidsindex. Enkel voor de uiterste betonrek blijkt dit niet het geval. Voor 
wat betreft de betondruksterkte, de FRP modulus en de betondekking leidt een 
toename van de variatiecoëfficiënt tot een aanzienlijke afname van de 
veiligheidsindex; voor de uiterste rek van FRP en de vloeigrens van het 
wapeningsstaal lijdt een toename van de variatiecoëfficiënt tot een beperkte afname 
van de veiligheidsindex; en voor wat betreft het effect van de longitudinale 
verhindering kan de invloed van de variatiecoëfficiënt verwaarloosd worden. Op 
basis van de parameterstudie en de sensitiviteitsanalyse wordt een ontwerpdomein 
gedefinieerd dat aangewend wordt voor de kalibratie van de partiële factor voor 
FRP sterkte, conform de ontwerpfilosofie van de Eurocodes. Voor een richtwaarde 
van de veiligheidsindex van 3.8 voor een referentieperiode van 50 jaar wordt een 
waarde van 1.65 bekomen als partiële factor voor de FRP treksterkte, rekening 
houdend met de bijdrage van de drukmembraanwerking. 
 
Met betrekking tot de methodologie voor het kwantificeren van constructieve 
robuustheid, worden in eerste instantie de eisen in de huidige normen en richtlijnen 
onder de loep genomen en de bestaande methodologieën voor het kwantificeren 
van constructieve robuustheid geanalyseerd. Er wordt dieper ingegaan op de 
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definitie van robuustheid van constructies zoals vermeld in de Europese norm 
EN1990 en de kritische aandachtspunten worden geduid met betrekking tot de 
disproportionaliteit van schade. Op basis van een literatuuronderzoek worden de 
bestaande methodologieën voor het kwantificeren van robuustheid ingedeeld in 
vier categorieën, nl. methoden gebaseerd op constructieve eigenschappen, 
methoden gebaseerd op de constructieve performantie, probabilistisch / 
betrouwbaarheid gebaseerde methoden en methoden gebaseerd op risico’s. 
Vervolgens worden de voordelen en beperkingen van al deze methodologieën 
besproken. Er wordt vastgesteld dat robuustheid van constructies praktisch vanuit 
twee invalshoeken kan worden begroot, die beide betrekking hebben op de manier 
waarop disproportionaliteit van schade wordt beschouwd. Een eerste mogelijkheid 
bestaat erin om op de een of andere wijze een vergelijking van de constructie te 
maken in zijn oorspronkelijk en zijn beschadigde toestand en de 
disproportionaliteit van schade te beschouwen in relatie tot de initiële schade bij 
een accidentele oorzaak en de totale schade. Dit vormt de basis van de huidige 
robuustheidsindicatoren gebaseerd op constructieve eigenschappen, deze 
gebaseerd op constructieve performantie en de probabilitisch / betrouwbaarheid 
gebaseerde robuustheidsindicatoren. Een tweede mogelijke invalshoek bestaat erin 
om een vergelijking tussen de beschadigde en de uiteindelijke toestand van de 
constructie te maken en door disproportionaliteit te relateren aan het verschil in 
directe en indirecte gevolgen. Dit vormt de basis voor de risicogebaseerde 
robuustheidsindicatoren. In algemene zin leveren de indicatoren gerelateerd aan 
beide invalshoeken nuttige informatie over de robuustheid van de constructie en 
kunnen ze worden aangewend afhankelijk van de doelstelling. 
 
Verschillende tekortkomingen voor wat betreft de geschiktheid en toepasbaarheid 
van de huidige methodologieën worden echter geduid. Sommige van de huidige 
robuustheidsindicatoren zijn bijvoorbeeld deterministisch en laten niet toe om 
onzekerheden in rekening te brengen en sommige indicatoren laten niet toe om 
robuustheid op zinvolle wijze te kwantificeren. Een van de tekortkomingen is 
bovendien gerelateerd aan het feit dat de huidige robuustheidsindicatoren  niet 
kwantitatief rekening houden met gebeurtenissen of ingrepen tijdens de levensduur 
van de constructie, zoals “structural health monitoring”, onderhoud en/of 
herstellingen, schade, rehabilitatie, versterking, vervanging, enz. Deze zijn echter 
belangrijk met betrekking tot de levensduur van de constructie en kunnen de 
robuustheid significant beïnvloeden. Deze aspecten zouden dan ook bij de 
robuustheidskwantificering in rekening moeten worden gebracht. De 
risicogebaseerde werkwijze blijkt veelbelovend om deze aspecten in rekening te 
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brengen. De vermelde gebeurtenissen of ingrepen worden als tijdsafhankelijke 
veranderlijken gedefinieerd en worden vervolgens kwantitatief opgenomen in de 
risicogebaseerde methodologie. De efficiëntie van deze uitbreiding wordt 
kwantitatief beoordeeld aan de hand van een didactisch voorbeeld van een 
beschadigde constructie, waarbij de invloed van verschillende interventies tijdens 
de levensduur van de constructie op de robuustheid wordt bepaald. 
 
Om de invloed van de FRP versterking en de drukmembraanwerking op de 
robuustheid van constructies te begroten, wordt een eenvoudig voorbeeld 
beschouwd van een gebouw met kantoorruimtes, opgebouwd uit vlakke betonnen 
raamwerken, waarbij een centrale kolom weggenomen wordt. De constructie is 
onderworpen aan permanente en opgelegde belastingen en is ontworpen volgens 
de Eurocodes voor een referentieperiode van 50 jaar. De robuustheid wordt 
gekwantificeerd voor de oorspronkelijke constructie, de oorspronkelijke 
constructie onder toegenomen opgelegde belasting en de oorspronkelijke 
constructie onder toegenomen opgelegde belasting en versterkt met FRP. Voor de 
kwantificering van robuustheid worden de ‘beta-unzipping’ methode van niveau 1 
en Monte Carlo simulaties aangewend om de faalkans van het systeem te bepalen. 
Robuustheidsindicatoren worden uitgerekend en vergeleken, meer bepaald de kans 
gebaseerde indicatoren RI (redundancy) en V (vulnerability), de op 
betrouwbaarheid gebaseerde indicator R en de op risico’s gebaseerde 
robuustheidsindicator Irob. In het algemeen wordt vastgesteld dat de indicatoren RI 
en V enerzijds en de indicatoren R and Irob anderzijds, gelijkaardige evoluties 
vertonen. 
 
Op basis van het voorbeeld van het betonnen raamwerk wordt vastgesteld dat de 
robuustheid significant afneemt bij toenemende opgelegde belasting. Na een 
analyse van de constructie (kritieke balken en kolommen), wordt de constructie 
versterkt in buiging aan de hand van uitwendig gelijmde FRP wapening. 
Vervolgens wordt opnieuw de robuustheid van de constructie begroot. De 
resultaten tonen aan dat de toegepaste versterking leidt tot een toename van de 
robuustheid. Meer specifiek nemen – in vergelijking met het geval waarbij geen 
FRP versterking wordt toegepast – de robuustheidsindicatoren RI en V met 
ongeveer 10% toe; de op de betrouwbaarheidsindex gebaseerde indicator R neemt 
toe met 124%; en de op risico’s gebaseerde robuustheidsindicator Irob neemt toe 
met 468%. 
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De resultaten tonen aan dat de robuustheid van constructies effectief kan verbeterd 
worden door het adequaat versterken van de constructie met behulp van FRP 
laminaten.  
 
Tenslotte wordt ook het effect van drukmembraanwerking op de robuustheid 
onderzocht door het berekenen van de indicatoren voor de met FRP versterkte 
constructie onderworpen aan een toegenomen opgelegde belasting, rekening 
houdend met de drukmembraanwerking. Voor het beschouwde voorbeeld blijkt het 
in rekening brengen van de drukmembraanwerking weinig significant voor wat 
betreft de waarden van de robuustheidsindicatoren. Er dient echter op gewezen te 
worden dat het gunstige effect van de drukmembraanwerking in dit geval niet 
volledig tot uiting komt wegens de beperkte omvang van het beschouwde 
raamwerk. Dit vraagt dan ook verder onderzoek, waarbij meer complexe 
constructies worden geanalyseerd. 
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SUMMARY 
________________________________ 
 
 
Since robustness was first recognized as a significant issue after the progressive 
collapse of Ronan Point Building in 1968, it has been recognized as one of the 
must-have structural properties and it is incorporated into current structural design 
codes like the European Standard EN 1990 (CEN 2002). The requirement 
regarding robustness of a structure is prescribed as “A structure shall be designed 
and executed in such a way that it will not be damaged by events such as explosion, 
impact and the consequence of human errors to an extent disproportionate to the 
original cause”. Following this requirement EN 1991-1-7 provides three strategies 
to limit the implication of accidental situations: to design key load-bearing 
members, to limit damages via alternative load paths and to apply prescriptive 
measures. However, procedures to quantify structural robustness are not provided 
in Eurocodes. With respect to the second strategy, fiber reinforced polymer (FRP) 
strengthening can be an alternative in order to increase the structural robustness. 
Therefore, the influence of FRP strengthening on structural robustness is of 
interest. Moreover, although recent studies show that membrane actions have 
benefits in enhancing the load carrying capacity of reinforced concrete (RC) 
structures, no investigations have been performed with respect to the effect of 
membrane actions on robustness of RC structures. 
 
The main objective of this Ph.D. research is to investigate the influence of FRP 
strengthening and membrane actions on structural robustness of RC structures 
within the scope of the Eurocodes and the existing robustness quantification 
methodologies. Main tools including structural analysis, probabilistic modelling, 
Monte Carlo simulation as well as risk evaluation are adopted in the investigations. 
This thesis covers three main parts i.e. the investigation on membrane actions (in 
particular compressive membrane action, CMA) in FRP strengthened concrete 
structures, the investigation of suitable frameworks for robustness quantification 
and finally an application to a concrete frame structure to evaluate the influence of 
FRP strengthening and CMA on structural robustness. 
 
An analytical CMA model for FRP strengthened RC one-way members is proposed 
by extending the Park and Gamble’s model (Park and Gamble 1980) which was 
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developed to capture the CMA behavior in RC members. Based on structural 
analysis i.e. the requirements of compatibility and force equilibrium, it is found 
that CMA is significant in enhancing the load bearing capacity of FRP strengthened 
RC one-way members if sufficient lateral restraint is available. 
 
In order to investigate the effect of CMA on structural reliability of FRP 
strengthened concrete members, the probabilistic model for the tensile strength of 
unidirectional FRP composites is developed since limited information regarding 
this model can be found in the Probabilistic Model Code (JCSS 2001) or design 
guidelines. Based on experimental results reported in literature, a relatively large 
database (in total 80 datasets) is built and the Normal, Lognormal and Weibull 
distributions are selected to fit these datasets using a tail-sensitive Anderson-
Darling statistic based measure of goodness-of-fit. Fitting results show that, from 
the perspective of experimental justification, the Normal, Lognormal as well as 
Weibull distributions can be used to model the tensile strength of FRP composites 
as they are all accepted on the basis of goodness-of-fit tests on the selected datasets. 
In agreement with the adoption in guidelines for composites (e.g. MIL-HDBK-17-
1F (2002)) and the adoption in literature, the Weibull distribution is proposed to 
model the tensile strength of unidirectional FRP composites for the reasons that it 
has a theoretical justification to model composite materials and it provides more 
conservativeness than either the Normal or Lognormal distributions does for 
structural design. Furthermore, statistical uncertainties arising from parameter 
estimation are examined and the design-orientated characteristic value of the 
tensile strength of unidirectional FRP composites based on test results is 
formulated. 
 
On the basis of the proposed stochastic model for the tensile strength of FRP 
composites as well as the models recommended in the Probabilistic Model Code 
(2001) for properties of concrete and steel reinforcement, the extended CMA model 
in FRP strengthened concrete members is further investigated in a probabilistic 
way by adopting Monte Carlo simulations. Reliability analysis shows that the effect 
of CMA on the reliability indices of FRP strengthened concrete beams is 
significant. Moreover, a parametric study as well as a sensitivity analysis with 
respect to uncertainty propagation are performed. The parameter study shows that 
the effect of the FRP ratio decreases with increasing values of the ratio. However, 
if the considered member is heavily strengthened with FRP reinforcement, such 
decrease is negligible. A similar conclusion applies to the FRP modulus and steel 
ratio. Also, an increase of the yield strain of the steel reinforcement as well as the 
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concrete strength give rise to an increase of the resulting reliability index whereas 
an opposite conclusion applies to the effect of the ultimate compressive strain of 
concrete and the span-to-depth ratio. The sensitivity analysis shows that in general 
an increase of variation of one of the variables causes a decrease of the reliability 
index, which applies to all factors considered except for the ultimate compressive 
strain of concrete. For concrete strength, FRP modulus and concrete cover, an 
increase of variation significantly leads to a decrease of the reliability index; for 
the ultimate strain of FRP and yield strain of steel, an increase of variation 
moderately results in a decrease of the reliability index; and the effect of the 
longitudinal restraint’s variation on the reliability index could be ignored. Based 
on the results of the parametric study and sensitivity analysis, a design space is 
constructed to calibrate the partial factor of the FRP strength within the scope of 
European guidelines. With the target reliability index being 3.8 for a reference 
period of 50 years, a value of 1.65 is calibrated as the partial factor of FRP strength 
for the design situations in case the CMA effect is taken into account. 
 
With respect to the framework for the quantification of structural robustness, the 
requirements on structural robustness in current codes and guidelines and the 
existing quantification methodologies are screened and analysed. The definition of 
structural robustness recommended in the European Standard EN 1990 is 
elaborated and the key to quantify structural robustness is pointed out in relation to 
damage disproportionality. On the basis of a literature review, the existing 
methodologies for robustness quantification are classified into four categories i.e. 
the structural property based, structural performance based, probability / reliability 
based and risk based methodologies, followed by an elaborated examination of the 
advantages and limitations of these methodologies. It is found that structural 
robustness can be practically quantified from two perspectives by adopting 
different interpretations with respect to damage disproportionality. One way to 
quantify robustness is to perform a comparison of the structure between its intact 
and damaged states to quantify the damage disproportionality of the total damage 
to the initial damage due to the original cause in one way or another. This 
perspective forms the basis of the current property based, performance based as 
well as probability / reliability based robustness indicators. The second 
quantification perspective to carry out a comparison of the structure between its 
damaged state and its final state of interest relates to defining the damage 
disproportionality as the disproportionality of the indirect consequences to the 
direct consequences, which sets the basis of the risk based robustness indicator. 
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Broadly speaking, each perspective provides useful information about robustness 
and can be adopted where necessary.  
 
However, it is found that there are several limitations to the suitability and 
applicability of the current methodologies for robustness quantification. For 
example, some of the current robustness indicators are deterministic and fail to take 
into account uncertainties while some of them are even not effective in robustness 
quantification. One of the limitations is that the current robustness assessment does 
not quantitatively consider specific activities within the service life of a structure. 
Activities like health monitoring, maintenance and/or repair, deterioration, 
rehabilitation, strengthening, replacement and retrofitting are important in the 
lifetime of structures and might have significant effects on structural robustness 
and should be encompassed in robustness quantifications. It is found that the risk 
based methodology is promising in accounting for these activities in robustness 
quantification. Therefore, these activities are modelled as time-dependent variables 
and are quantitatively incorporated into the risk based methodology. A notional 
example considering deteriorations shows the efficiency of this incorporation to 
quantitatively evaluate the influences of the possible activities within the 
structure’s service life on structural robustness. 
 
In order to assess the influence of FRP strengthening as well as CMA on structural 
robustness, a concrete frame office building is selected as an example. The example 
consists of a plane frame structure under a central column removal scenario. The 
structure is subjected to permanent loads and imposed loads and is designed 
according to Eurocodes for a reference period of 50 years. Robustness 
quantifications with respect to the original structure, the original structure 
subjected to additional imposed loads, and the original structure strengthened with 
FRP composites and subjected to additional imposed loads are carried out. During 
the process of robustness quantifications, the beta-unzipping method at level 1 and 
Monte Carlo simulations are adopted for determining the system failure probability. 
Robustness indicators including the probability based robustness indicators RI 
(redundancy) and V (vulnerability), reliability based robustness indicator R and 
risk based robustness indicator Irob were quantified and the results are compared 
and analysed. It is found that for all robustness quantifications in this research the 
robustness indicators RI and V exhibit comparable behaviour while the indicators 
R and Irob exhibit another, but also comparable behaviour. 
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It is found that for the concrete frame example the robustness decreases 
significantly if an increase of imposed loads is applied. After examining the 
components (critical beams and columns), the structure is flexurally strengthened 
with FRP composites for critical beams and columns and the structural robustness 
after strengthening is quantified again. Results show that the specific strengthening 
results in an increase of the structural robustness. More specifically, compared to 
cases where no FRP strengthening is applied, the probability based robustness 
indicators RI and V decrease by approximately 10%; the reliability based 
robustness indicator R increases by 124%; and the risk based robustness indicator 
Irob increases by 468%. This indicates that the robustness of a structure can be 
effectively improved if the structure is properly strengthened with FRP composites.  
 
In addition, the CMA effect on the structural robustness is also investigated by 
considering CMA for the original structure strengthened with FRP composites and 
subjected to additional imposed loads. In comparison with the structural robustness 
after strengthening, it is found that for the specific example the effect of CMA on 
structural robustness is not significant. However, it is pointed out that the potential 
favourable and significant effect of CMA can only be slightly reflected in the 
specified example due to the moderate size of the analysed plane frame structure. 
Hence,  further research on structures of higher complexity is necessary to explore 
the full potential of CMA.  
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I.1 Research background 
I.1.1 Robustness: from Ronan Point Building to Plasco Building 
Infrastructures have played a significant role in the development of science and 
technology in last decades. With prosperous developments in structural 
engineering, however, more and more issues arise with respect to structural safety. 
One evidence is that structural failure accidents appear in the media from time to 
time. In many situations it is structure failure or collapse due to accidental events 
like collisions, explosions, vandalism and/or human errors that leads to catastrophic 
consequences. Some examples of such structural failures or collapses that relate to 
robustness are given below in this section. 
 
On May 16th 1968, one entire corner of the Ronan Point Building, a 22-storey tower 
block in Newham, East London, collapsed when a gas explosion blew out some 
load-bearing walls on the 18th floor of the building (Figure I.1). In the aftermath 
investigations it is believed that the flank walls falling away left the floors above 
unsupported and caused the progressive collapse of the south-east corner of the 
building. As no other such collapse had occurred worldwide at that time, the partial 
collapse of Ronan Point Building led to major changes in building regulations with 
the term “disproportionate collapse” embodied for the first time. Since then 
robustness, a property that makes buildings not suffer disproportionate collapse 
including progressive collapse, has gained much research attention and became a 
major design criterion. 
 
Although in the following years a gradual reduction in related research due to an 
absence of similar and significant disproportionate collapse, events of terrorism 
and malevolence such as the Oklahoma City bombing (USA) in 1995 and the attack 
on the New York World Trade Center towers (USA) in 2001 (Figure I.2) have 
resulted in renewed international resources being devoted to better understand the 
different issues and challenges concerning robustness. 
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Figure I.1: Ronan Point Building following partial progressive collapse on May 
16th 1968 (Photo: UK Crown Copyright) 
       
Figure I.2: Left: The bombing of Oklahoma City’s Alfred P. Murrah Federal 
Building on April 19th 1995 (Source: www.news9.com); Right: Aerial view of 
World Trade Center remains and neighbouring buildings after 9/11 in 2001, with 
original footprints of the Twin Towers and 7 World Trade Center outlined (Source: 
Wikipedia). 
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More recently, the I-35W Mississippi River bridge, an eight-lane steel truss arch 
bridge across the Saint Anthony Falls on the Mississippi River in Minneapolis, 
Minnesota, collapsed during afternoon rush hour, resulting in the deaths of 13 
people (Figure I.3 Left). And just recently in this year, Plasco Building, a 17-storey 
building as the former iconic landmark of the Tehran skyline in Iran, progressively 
collapsed after a fire started on the ninth floor and caused thirty firefighters getting 
killed in the rescue efforts (Figure I.3 Right). 
       
Figure I.3: Left: Aerial view of collapsed I-35W bridge in Minneapolis, Minnesota 
on August 1st 2007 (Source: REUTERS/Scott Cohen); Right: Ruins of Plasco 
Building collapse on January 19th 2017 (Source: Wikipedia) 
 
All these incidents share similarities: the structure undergoes progressive collapse 
when a primary structural element fails, resulting in the failure of adjoining 
structural elements, which in turn causes further structural failure. In other words, 
the collapse is a chain reaction type of failure which follows damage to a relatively 
small portion of a structure i.e. disproportionate collapse (Ellingwood and 
Leyendecker 1978). More specifically, for example, the Ronan Point building 
collapse is due to a natural gas explosion and the loss of a load bearing wall as a 
result from that and the I-35W Mississippi River bridge collapse is owing to a too 
thin gusset plate ripped along a line of rivets. 
 
The catastrophic damages and losses suffered during these events have served to 
strongly precipitate the interest in robustness and safety of structures. Structural 
robustness has therefore attained an unprecedented significance in today’s design 
environment. In recent years efforts have been focused by many researchers and 
associations to the understanding of robustness and to promote the robustness 
design in national and international regulations. Some guidelines are provided in 
e.g. JCSS (2008), Canisius (2011) and Sorensen et al. (2011). 
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I.1.2 Robustness in current knowledge 
Robustness has been recognized as one of the fundamental properties of structures 
and is frequently used in current codes and technical literatures as a desired 
requirement for sound structural design. For example, the European Standard EN 
1990 (CEN 2002) refers to the following requirement regarding robustness of a 
structure: “A structure shall be designed and executed in such a way that it will not 
be damaged by events such as explosion, impact and the consequence of human 
errors to an extent disproportionate to the original cause”. Moreover, EN 1991-1-
7 (CEN 2006) points out three strategies to limit the implication of accidental 
situations:  
− to design key load-bearing members in order to withstand nominal 
accidental action effects 
− to limit damages due to the collapse of a load-bearing member through 
alternate load paths 
− to apply prescriptive design and detailing rules. 
 
When applying the second mentioned strategy, FRP strengthening can be applied 
in order to increase the structural robustness. Its effect on the load-carrying capacity 
and consequently on the structural robustness is the subject of the investigations 
which are executed in this Ph.D. research. 
 
A theoretical and risk-based framework for the quantification of structural 
robustness is explained in (Baker et al. 2008). An analysis of several case studies 
of structural failures that might be attributed to a lack of robustness is given in 
(Agarwal et al. 2012). Specific aspects related to the lifetime reliability and 
robustness assessment of existing structures under deterioration has been analyzed 
by several authors, including Frangopol and Curley (1987), Lind (1995), Baker et 
al. (2008) and Izzuddin et al. (2010). Optimization of concrete frame systems 
towards robustness against progressive collapse was analyzed in (Dat and Hai 
2011). 
 
Currently, there are still numerous aspects that prevent the practical assessment of 
the robustness of concrete structures as well as the objective comparison of 
robustness increasing measures especially with respect to FRP strengthening, often 
resulting in rather subjective decision making. This situation can mainly be 
attributed to the following lacking fundamental knowledge: 
− There is a lack of fundamental research with respect to which stochastic 
models to be used in case of contemporary building materials i.e. FRP in 
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a full-probabilistic analysis of FRP strengthened structures and to the 
reliability calculation methods to be used in case numerical models are 
applied. 
− The currently proposed robustness measures are generally considered 
vague and there still exists controversy with respect to their suitability for 
different applications. More fundamental comparisons with respect to 
their applicability in case of different applications for FRP strengthening 
are necessary; 
− It is not clear how to incorporate important effects like membrane action 
effects, although such effects may highly determine the absolute values of 
the robustness indicator and have proven to influence significantly the 
structural load-bearing capacity; 
− Finally, current robustness-related guidelines are generally considered too 
vague and there is a lack of documented real-case examples focussing on 
practical applicability of the aforementioned concepts. 
 
Finally, recent research in the field of robustness of structures has been mainly 
divided into two fields of interests, namely at the one hand side fundamental 
definitions, principles and the quantification by robustness measures and on the 
other hand side structural measures for increasing robustness and the associated 
structural modelling of such measures. Much more research efforts should be put 
in combining and optimizing these two fields of research related to structural 
robustness. 
 
I.2 Research scope and methodology 
I.2.1 Research scope 
The aim of the research proposal is to quantitatively assess the influence of FRP 
strengthening on robustness of concrete structures. This research proposal intends 
to focus on the following main objectives: 
− Develop stochastic models regarding properties of FRP composites used 
in full-probabilistic analysis and reliability calculations of FRP 
strengthened structures; 
− Investigate (deterministically and probabilistically) important effects like 
membrane action effects in FRP strengthened structures; 
− Develop a practically applicable robustness assessment framework for 
FRP strengthened structures, considering the incorporation of membrane 
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effects as well as durability issues like deterioration under accidental 
loading; 
− Apply the developed framework for the numerical modelling, structural 
reliability quantification and robustness assessment in order to perform 
sensitivity analyses with respect to the determination of basic influencing 
variables; 
− Evaluating the aforementioned developments using case studies and 
formulating a set of robustness-based design and repair guidelines 
relevant for practicing engineers.  
 
I.2.2 Research methodology 
In order to achieve the above objectives, the below described methods were used.  
 
At first, a scientific survey with respect to FRP strengthening in concrete structures 
as well as membrane effects in concrete structures was executed. Based on the 
literature review, the compressive membrane action in FRP strengthened concrete 
beams was analytically modelled by extending the model developed by Park and 
Gamble (1980). Based on this extended model, the effect of compressive 
membrane action in FRP strengthened beams is compared to that in conventional 
concrete beams. Consequently, a parametric analysis was carried out with respect 
to the determination of basic influencing variables. 
 
Secondly, a literature study on the probabilistic model of FRP properties 
(especially the unidirectional tensile strength) was performed and a large 
experimental database was collected. The widely adopted distributions i.e. the 
Normal, Lognormal and Weibull distributions were selected to fit the collected 
datasets with a cumulative probability density based statistic i.e. the so-called 
observed significance level as the indicator of goodness-of-fit. According to the 
fitting results and engineering judgements the stochastic model of the tensile 
strength of FRP was determined. Further, the statistical uncertainty of the design 
values of the tensile strength of FRP was investigated by recommending a simple, 
reasonably accurate but more efficient method. 
 
Based on the investigations on the stochastic model of the tensile strength of FRP 
composites and stochastic models proposed in the JCSS Model Code (2010), the 
extended model to capture the compressive membrane action of FRP strengthened 
concrete beams was probabilistically analysed using Monte Carlo simulations. The 
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benefits of compressive membrane action with respect to the structural reliability 
of FRP strengthened concrete structures were pointed out and a sensitivity analysis 
was also carried out to determine the influences of basic variables on reliability 
indices. To incorporate the compressive membrane action into structural design, a 
partial factor of the tensile strength of FRP composites was proposed for FRP 
strengthened concrete structures in case compressive membrane action is 
considered. 
 
Furthermore, an analysis of the state-of-the-art regarding the framework of 
robustness quantification was conducted. With respect to the existing frameworks, 
their disadvantages and limitations to meet the current demands of robustness 
assessment were summarized. Then the definition of robustness was re-emphasized 
and a risk-based framework for robustness quantification was extended to account 
for time-dependent variables like deteriorations with an illustrative example. 
 
Finally, the influences of FRP strengthening and compressive membrane action on 
robustness in concrete structures were examined. First, a notional concrete frame 
office building was illustrated and its robustness under a column removal scenario 
was evaluated within the probability / reliability based and risk-based robustness 
frameworks. During the assessment of the failure probability of the entire structure, 
the beta-unzipping method at level 1 was selected. Then the office building was 
assumed to be subjected to increased imposed loads due to a change of functionality 
and the safety requirements of the structure was evaluated again from the 
perspective of structural reliability and robustness. It was pointed out that the 
increase of imposed loads leads to a decrease of structural reliability and 
robustness. In order to restore the safety level of the structure FRP strengthening 
technique was adopted. After strengthening the robustness of the FRP strengthened 
concrete frame was evaluated again and the influence of FRP strengthening on 
robustness for this frame was investigated. In addition, the influence of 
compressive membrane action on robustness of this FRP strengthened frame was 
also examined. 
 
I.3 Outline of the thesis 
 
This thesis contains 9 chapters, grouped into 3 major parts: 
− Part A gives fundamental introductions to structural robustness and FRP 
strengthening in concrete structures; 
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− Part B deals with modelling and analysis of compressive membrane 
action in FRP strengthened concrete structures as well as stochastic 
models of the tensile strength of unidirectional FRP composites; and  
− Part C investigates and extends the risk-based framework for robustness 
quantification to take into account the consideration of time-dependent 
variables, followed by the investigation on the influences of FRP 
strengthening as well as compressive membrane action on robustness in 
concrete structures. 
 
The connections between the three parts and chapters are described in Figure I.4. 
 
Figure I.4: Connections between the different parts and chapters. 
In Part A, the general introduction is given in this Chapter I, followed by 
introductions to common ultimate limit state design criteria for FRP strengthening 
including flexural strengthening, shear strengthening and confinement in concrete 
structures in Chapter II and to structural robustness in Chapter III. 
 
In the first main Part B, Chapter IV primarily focuses on an analytical 
investigation of the compressive membrane action and proposes an extended model 
applicable for FRP strengthened concrete one-way members. In Chapter V, the 
available methods with respect to the probabilistic models of the tensile strength of 
FRP composites are explained. A large experimental database is collected to 
examine the effectiveness of these models and the most appropriate model is 
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recommended. Results of chapters IV and V, i.e. the extended model of 
compressive membrane action in FRP strengthened beams and the probabilistic 
model for the tensile strength of FRP composites, are incorporate in Chapter VI 
where the compressive membrane action is probabilistically investigated using 
Monte Carlo simulation techniques. 
 
In the second main Part C, the risk-based framework for robustness quantification 
was extended to consider the time-dependent variables after a comparison and 
summarization of the strengths and disadvantages of existing frameworks in 
Chapter VII. Following the these quantification frameworks, the influence of FRP 
strengthening on robustness in concrete structures is comprehensively examined in 
Chapter VIII by case studies. Also, an incorporation of compressive membrane 
action is made in the procedures for robustness assessment. 
 
Finally, general conclusions and a summary of the research presented in this thesis 
are given in Chapter IX. Recommendations on the adoption of FRP strengthening 
and incorporation of compressive membrane action to improve and maintain the 
robustness of concrete structures are also given, together with some suggestions for 
future research.  
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II.1 Introduction 
In the last few decades, the issue of upgrading like strengthening and retrofitting of 
existing engineering structures has been of great importance and has been discussed 
widely. Deterioration of bridge decks, beams, girders and columns, buildings, 
parking structures and others may be attributed to ageing, environmentally induced 
degradation, poor initial design and/or construction, lack of maintenance, and to 
accidental events such as earthquakes. The structure’s increasing decay is 
frequently combined with the need for upgrading so that structures can meet more 
stringent design requirements (e.g. increased traffic volumes in bridges exceeding 
the initial design loads), and hence the aspect of structural rehabilitation has 
received considerable attention. Several different systems have been developed and 
used to strengthen existing structures. They include replacing structural members, 
adding new material to improve their performance, modifying the restraint 
conditions, introducing post-tension, etc. These techniques have been proven to be 
effective, but in some cases they can be expensive and difficult to apply. The use 
of fibre reinforced composites applied to existing structural elements may represent 
a cost-effective alternative to such traditional strengthening techniques. Among 
fibre reinforced composites, strengthening by means of fibre reinforced polymers 
(FRP) has gained great popularity because of its favourable mechanical properties 
like high strength / weight ratio and good corrosion resistance and relatively low 
cost. 
 
FRP composites comprise high strength fibres (e.g. carbon, glass, aramid) applied 
to the element surface through mainly thermosetting organic matrices, usually 
epoxy resin. Several systems and techniques such as externally bonded technique 
and near surface mounted technique can be adopted to make FRP composites work 
together with the original structures. The fibres are meant to carry the tensile forces, 
whereas the matrix transfers the stress to the underlying concrete. The structural 
behaviour of FRP composites applied to reinforced concrete (RC) elements and 
structures has been widely studied over the last decades and these studies have 
resulted in some design guidelines e.g. ACI 440.2R-08 (2008), fib bulletin 14 
(2001), and CNR-DT 200 (2004). A large number of experimental, analytical and 
numerical studies regarding FRP composites with respect to flexure, shear and 
confinement are available in the literature and these guidelines.  
 
It should be emphasized that it is not within the scope of this Ph.D. research to 
cover all aspects of RC strengthening with composites. And also the scientific 
communities worldwide are still discussing about some important issues and new 
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developments on FRP strengthening are ongoing from year to year. Nevertheless, 
for introduction purpose in this chapter the state-of-the-art of the ultimate limit state 
(ULS) design procedures of FRP strengthening using the externally bonded 
technique in concrete structures is presented in following subsections based mainly 
on fib bulletin 14 (2001). The introduction to FRP strengthening in this chapter 
provides fundamental supports to Chapters IV, VI and VIII. The attention herein is 
situated towards the ultimate limit states of members which are strengthened in 
flexure or shear, and/or confined by FRP composites. For other issues related to 
FRP strengthening like serviceability limit states, durability and bonding 
behaviours, the reader is referred to e.g. aforementioned guidelines if not specified. 
 
II.2 Flexural strengthening 
Conventional RC elements like beams and slabs may be strengthened in flexure 
through the use of FRP composites epoxy-bonded to their tension zones, with the 
direction of fibres parallel to the member’s longitudinal direction. The ultimate 
limit state analysis in flexure for such a system may follow well-established 
procedures for reinforced concrete flexural members. The effect of the initial load 
prior to strengthening should be considered in the calculation of the strengthened 
member, which may be accomplished by considering the strain distribution on the 
considered section and may be referred to Section 4.2 in fib bulletin 14 (2001). By 
assuming that the slip at the concrete-FRP interface is negligible, idealized stress-
strain curves for concrete, FRP and steel can be adopted for the following analysis, 
as shown e.g. in Figure II.1. 
 
Figure II.1: Design stress-strain curves of constitutive materials at ultimate limit 
state (fib bulletin 14 (2001)) 
 
The failure modes of a reinforced concrete element strengthened in flexure with 
externally bonded FRP reinforcement may be divided into two classes (fib bulletin 
14 (2001)): (a) those where full composite action of concrete and FRP is maintained 
until the concrete reaches crushing in compression or the FRP fails in tension and 
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(b) those where composite action is lost prior to class (a) failure, e.g. due to peeling-
off of the FRP.  
 
II.2.1 ULS analysis at full composite action 
For failure modes where full composite action is assumed, steel yielding is desired 
followed by concrete crushing or by FRP fracture otherwise the failure of the 
considered member is rather brittle and this should be avoided.  
 
According to the most desirable mode i.e. the steel yielding / concrete crushing 
failure mode, failure of the critical cross section occurs by yielding of the tensile 
steel reinforcement followed by crushing of concrete, while the FRP is intact. The 
design bending moment of the strengthened cross section is calculated based on 
principles of RC design, as shown in Figure II.2. The cross section (width b, height 
h) is reinforced with steel an area As1 at the bottom and with As2 at the top (concrete 
cover d2) and is assumed to be strengthened with FRP reinforcement. The FRP 
reinforcement has an area Af and its ultimate strain fud. First, the neutral axis depth 
x is calculated from strain compatibility and internal force equilibrium, and then 
the design moment is obtained by moment equilibrium. The analysis should take 
into account that the RC element may not be fully unloaded when strengthening 
takes place, and hence an initial strain o in the extreme tensile fibre should be 
considered. 
 
 
Figure II.2: Analysis of cross-section for the ULS in bending: (a) geometry, (b) 
strain distribution and (c) stress distribution (fib bulletin 14 (2001)) 
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According to Figure II.2, the neutral axis depth, x, is calculated based on: 
 
2 2 10.85 cd s s s s yd f f ff bx A E A f A E       (II.1) 
where 0.8   and 
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The design bending capacity is: 
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For the equations given above to be valid, the yielding of tensile steel reinforcement 
following assumptions should be checked i.e. 
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 

    (II.5) 
The failure mode involving steel yielding / FRP fracture is theoretically possible. 
However, it is quite likely that premature FRP debonding will precede FRP fracture 
and hence this mechanism will not be activated. For the sake of completeness, 
Equations (II.1) - (II.5) are still applicable for this mechanism by replacing cu by 
c, replacing f by fud and with modifications for and G, as formulated in 
Equations (4-11) - (4-12) in fib bulletin 14 (2001). For relatively high 
reinforcement ratios, failure of the RC element may be caused by compressive 
crushing of the concrete before the steel yields. This mode is brittle and certainly 
undesirable. Detailed treatment of this failure modes may be found in Matthys 
(2000). 
 
II.2.2 ULS analysis at loss of composite action 
As observed in tests of RC flexural members strengthened with FRP most failures 
due to loss of composite action are caused by peeling-off of the externally bonded 
reinforcement. Such failures often lead to sudden and brittle failures of the 
strengthened member and should be verified for different debonding mechanisms. 
 
Peeling-off caused at shear cracks (Figure II.3) may be prevented by limiting the 
acting shear force to the shear resistance of RC members (Eurocode 2 approach).  
  
 
Common ultimate limit state design criteria for FRP strengthening in concrete structures 19 
 
 
Figure II.3: Peeling-off at a shear crack or a flexural crack (Matthys 2000). 
 
Peeling-off at the end anchorage and at flexural cracks (Figure II.3) may be avoided 
according to various approaches (e.g. approach recommended in Matthys (2000)). 
For the detailed treatment of these approaches the reader is referred to the Appendix 
of Section 4 in fib bulletin 14 (2001)  
 
Peeling-off caused by end shear failure may be treated by adopting the fictitious 
shear span concept (Figure II.4, Jansze 1997) and peeling-off caused by the 
unevenness of the concrete surface may be avoided by adopting certain practical 
execution rules and limitations on concrete surface roughness (Figure II.5, fib 
bulletin 14 (2001)). 
 
 
Figure II.4: Peeling-off caused by end shear failure (Jansze 1997) 
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Figure II.5: Peeling-off caused by unevenness of concrete surface (fib bulletin 14 
(2001)) 
 
In case the loss of composite action (i.e. debonding failures) cannot be prevented, 
the analysis of ULS is similar to the failure mode involving steel yielding / FRP 
fracture by replacing f by the effective strain of FRP reinforcement at debonding 
i.e. f,eff. ). 
 
In the following chapters IV, VI and VIII, the concept of debonding verification by 
means of a simplified FRP strain approach (e.g. Neubauer and Rostásy (1997)) will 
be adopted. In this approach, when the FRP composite (width bf, thickness tf, 
Young’s modulus Ef) is bonded to a concrete section (width b, tensile strength fctm), 
the limit strain of FRP (f,lim) ranging from 0.0065 to 0.0085 can be incorporated 
for simplicity or the following equation can be used to determine the limit strain of 
FRP (fib bulletin 14 (2001)): 
 ,lim 1
ctm
f c b
f f
f
c k k
E t
    (II.6) 
in which  is a reduction factor, approximately equal to 0.9, to account for the 
influence of inclined cracks on the bond strength; kc is a factor accounting for the 
state of compaction of concrete and can generally be assumed as 1.0 for FRP 
bonded to concrete faces with high compaction; and kb is a geometry factor: 
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  (II.7) 
with bf/b no less than 0.33. Equation (II.6) is valid when the bond length (lb) meets 
the requirements that: 
 ,max
2
f f
b b
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E t
l l
c f
    (II.8) 
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Note that in Equations (II.6) to (II.8) b, bf, tf are measured in millimeter; Ef, fctm are 
in MPa; c1 and c2 may be obtained through calibration test results or are 
respectively equal to 0.64 and 2 for CFRP strips. 
 
II.3 Shear strengthening 
Shear strengthening of RC members using FRP may be provided by bonding the 
external reinforcement with the principal fibre direction as parallel as practically 
possible to that of maximum principal tensile stresses. A vast amount of detailed 
investigations on shear strengthening of RC members have been conducted and 
extensive databases with a lot of experimental shear test results are available (e.g. 
Triantafillou 1998, Matthys 2000, Pellegrino and Modena 2006, and Dong et al. 
2013). Unfortunately, however, to a certain degree controversy still exists on the 
most appropriate shear design modelling. Based on experimental investigations, 
the external FRP reinforcement may be treated in analogy to the internal steel 
(accepting that the FRP carries only normal stresses in the principal FRP material 
direction), assuming that at the ultimate limit state in shear (concrete diagonal 
tension) the FRP develops an effective strainf,eff in the principal material direction. 
The effective strain f,eff is, in general, less than the tensile failure strain fu. Hence, 
in fib bulletin 14 (2001) the shear capacity of a strengthened element may be 
calculated according to the Eurocode 2 format as follows: 
 
2min( , )Rd cd wd fd RdV V V V V     (II.9) 
The FRP contribution to shear capacity can be written in the following form (fib 
bulletin 14 (2001)): 
 
,0.9 (cot cot )sinfd fd eff fu f wV E b d       (II.10) 
where 
fd,eff = design value of the effective FRP strain; 
bw = minimum width of cross section over the effective depth; 
d = effective depth of the cross-section; 
f = FRP reinforcement ratio equal to 2tfsin/bw for continuously bonded shear 
reinforcement of thickness tf (bw is the minimum width of the concrete cross-section 
over the effective depth), or (2tf/bw)(bf/sf) for FRP reinforcement in the form of 
strips or sheets of width bf at a spacing sf ; 
Efu = elastic modulus of FRP in the principal fibre orientation; 
 = angle of diagonal crack with respect to the member axis, assumed to be 45°; 
 = angle between the principal fibre orientation and the longitudinal axis of the 
member. 
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The design value of the effective FRP strain is obtained from the characteristic 
value fk,eff divided by the partial safety factor F . Given the lack of sufficient data, 
fk,eff may be approximated by multiplying the mean value of the effective FRP 
strain f,eff by a reduction factor 0.8 (fib bulletin 14 (2001)). According to 
experimental results, the mean value of the effective strain is fitted and expressed 
as follows. 
 
Fully wrapped (or properly anchored) CFRP - FRP fracture controlled (fib bulletin 
14 (2001)): 
 
0.3
2/3
, 0.17
cm
f eff fu
fu f
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  (II.11) 
Side or U-shaped CFRP jackets (fib bulletin 14 (2001)): 
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A careful examination of the above equations shows that:  
− if failure is governed by peeling-off combined with shear fracture (e.g. side 
or U jackets) the increase in shear capacity with Efuf is relatively small, but 
the concrete strength plays an important role;  
− if failure is governed by shear fracture combined with or followed by CFRP 
fracture (e.g. fully wrapped jackets) the increase in shear capacity with Efuf 
becomes quite substantial, but the role of concrete is of secondary importance.  
 
Clearly full wrapping is far more effective than partial jacketing. When full 
wrapping is not feasible, it is recommended that FRP strips are attached to the 
compressive zone of the RC member. Additionally, it is recommended that the 
spacing sf of strips, if they are used vertically, should not exceed (0.9d  bf/2) for 
rectangular cross sections or (d  hf  bf/2) for T-beams to prevent a diagonal crack 
being formed intercepting a strip. 
II.4 Confinement 
Confinement is generally applied to members in compression, with the aim of 
enhancing their load carrying capacity or to increase their ductility. The 
effectiveness of FRP as a passive confining system for plain concrete has been 
documented through extensive experimental research. The success of jacketing by 
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wrapping with FRP layers on the lateral surface of concrete elements builds on the 
natural tendency of concrete to expand as damage accumulates due to internal 
cracking. The amount of this action depends on the lateral expansion of concrete, 
which in turn is affected by the confining pressure. Thus, FRP-confined concrete 
models should account for the interaction between the laterally expanding concrete 
and the confining FRP jackets.  
 
To model the stress-strain relationship of FRP-confined concrete, the effective 
ultimate circumferential strain of FRP, ju, which is usually lower than the ultimate 
strain obtained by standard tensile testing of the FRP sheet, is determined from test 
data or by engineering judgements. For a given value of effective circumferential 
strain of FRP, j, the lateral confining pressure on a concrete cylinder, l, can be 
evaluated as in Equation (II.13) by taking the lateral strain in concrete equal to j: 
 
41
   with 
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l j j j j
j
t
E
d
       (II.13) 
where j is the volumetric ratio of FRP jacket, j is the stress in FRP jacket, Ej is 
the modulus of the composite material of the jacket, tj is the FRP jacket thickness 
and dj is the diameter of FRP jacket. 
 
In fib bulletin 14 (2001), the complete stress-strain response of FRP-confined 
concrete is based on an iterative procedure. However, the parameters of interest are 
the stress-strain coordinates at ultimate confinement pressure, as shown in Figure 
II.6. 
 
Figure II.6: Calculation procedure for ultimate compressive stress and strain (fib 
bulletin 14 (2001)) 
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With the ultimate confinement pressure, fl, the parameters of the Mander 
confinement model are evaluated (fib bulletin 14 (2001)): 
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The peak strain and stress are then given as follows (fib bulletin 14 (2001)): 
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The equations above are derived for uniaxially loaded cylindrical concrete 
specimens confined with FRP reinforcement, with fibres circumferentially aligned 
and covering the total concrete surface. If the concrete is partially wrapped, less 
efficiency is obtained as both confined and unconfined zones exist. In this case the 
effective lateral confining pressure (fl) is reduced by introducing a confinement 
effectiveness coefficient (fib bulletin 14 (2001)): 
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  (II.16) 
where s is the spacing between FRP wraps, bf is the width of FRP wraps, D is the 
cylinder diameter, As is the area of longitudinal steel reinforcement if any and Ag is 
the gross cross-sectional area. 
 
Further for a square or rectangular section wrapped with FRP and with corners 
rounded with a radius rc, the parabolic arching action is again assumed for the 
concrete core where the confining pressure is fully developed. Unlike a circular 
section, for which the concrete core is fully confined, a large part of the cross-
  
 
Common ultimate limit state design criteria for FRP strengthening in concrete structures 25 
 
section remains unconfined. In this case the confinement effectiveness coefficient 
is given by (fib bulletin 14 (2001)): 
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Note that the interaction between internal steel reinforcement and external FRP is 
(theoretically) important when considering practical confinement applications. The 
models mentioned herein are mainly calibrated through experimental studies but 
do not consider the influence of the existing steel reinforcement on the structural 
behaviour of the FRP confined element. 
 
II.5 Summary 
 
− FRP composites have desirable advantages for RC strengthening owing 
to its favourable mechanical properties like high strength/weight ratio and 
good corrosion resistance. 
− RC members strengthened with FRP composites in flexure may have 
several failure modes, considering whether or not the interaction between 
the strengthening FRP and the underlying concrete is maintained at failure 
stages. The most desirable failure mode is steel yielding followed by 
concrete crushing. The ultimate flexural capacity of this failure mode can 
be analysed by following the well-established procedures for concrete 
structures. This methodology is also applicable for other failure modes 
like steel yielding / FRP failure (fracture or debonding) by appropriate 
modifications. 
− Investigations on shear strengthening of RC members with FRP are 
relatively limited. The ultimate limit state analysis with respect to FRP 
shear strengthening is facilitated by separating the shear capacity due to 
FRP and that due to RC sections. The contribution of the shear capacity 
owing to FRP is related to its failure mode as well as its effective strain at 
shearing state. 
− Confinement of concrete by FRP significantly enhances the ultimate 
stress and strain of concrete. The difficulty to quantify the confinement 
effect is to determine the effective circumferential strain at ultimate state. 
Approaches in fib bulletin 14 (2001) can be used for such quantification.  
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III.1 Introduction 
For engineering systems terms such as cost-effective, strong, user-friendly, highly 
aesthetic, well designed, safe or highly reliable are used and can be interpreted 
correctly for most people. However, if the adjective word robust is used, then there 
is a strong chance that the meaning will vary from person to person (Maes et al. 
2006). Similar as in other disciplines, robustness, as one of the fundamental terms 
for civil engineering, is extensively used in codes and literatures (Canisius 2001). 
However, as mentioned the meaning of robustness is often unclear and actually 
there is no consensus with respect to neither the definition nor the measure of 
structural robustness (refer to robustness hereafter) in its application within civil 
engineering (Baker et al. 2008). Therefore, robustness is often an issue of 
controversy and is frequently used as a synonym for stability, ductility, reserve 
strength capacity, redundancy or as an opposite of vulnerability, sensitivity and 
fragility. 
 
As a starting point, the interpretation of robustness is first given. The word robust 
originates from the Latin word rōbustus, which directly translated to English means 
strong. In the Oxford dictionary, robust is defined as (of an object) sturdy in 
construction and (of a system, or organization, etc.) able to withstand or overcome 
adverse condition. From the perspective of established codes or guidelines, 
robustness is interpreted as follows: 
− ISO 22111 (2007): The ability of a structure (or part of it) to withstand 
events (like fire, explosion, impact) or consequences of human errors, 
without being damaged to an extent disproportionate to the original cause. 
− EN 1990 (CEN 2002): The ability of a structure to withstand events like 
fire, explosions, impact or the consequences of human error, without 
being damaged to an extent disproportionate to the original cause. 
− ISO 2394 (2015): also referred to as damage insensitivity, the ability of a 
structure to withstand adverse events (like fire, explosion, impact) or 
consequences of human errors without being damaged to an extent 
disproportionate to the original cause. 
 
Among tremendous research articles on robustness, dozens of definitions of 
robustness can be found. An overview of these definition examples was given by 
Starossek and Haberland (2010), as shown in Figure III.1. In their definition, 
robustness is regarded as the attribute of a system to survive to a damage and 
interpreted as a combination of vulnerability and damage tolerance. 
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Figure III.1: A definition of robustness (Starossek and Haberland 2010) 
 
Although in the large amount of literature no consensus is found with respect to 
neither the definition nor the measure of the concept of robustness, agreement on 
the essentials or the context of robustness in codes (e.g. CEN 2002) has been 
reached: 
− Accidental event: structural robustness refers to the capacity of the 
considered structure to resist accidental events such as explosion or 
impacts. 
− Local damage: the structure subjected to the specified accidental event is 
partially damaged. The damage due to the event is restricted to a small 
portion (with respect to volume or area) of the structure and the degree of 
the damage is seen to be proportionate to the accidental event. The damage 
is often referred to as local (or direct) damage (or failure or consequence).  
− Disproportionality: a structure of adequate robustness will not suffer from 
disproportionate damage which may be the direct failure or collapse (i.e. 
the local damage) due to the accidental event or the indirect/progressive 
failure or collapse triggered by the local damage. 
 
On these essentials many research work have been done during last decades. It is 
found that robustness is related to many other terms such as structural performances 
like redundancy, vulnerability, sensitivity, damage tolerance, resilience etc. The 
relationship between robustness and other such terms is out of the scope of this 
work and is referred to contributions from many other researchers who have 
extensively investigated this issue (e.g. Baker et al. (2008), Fink et al. (2009), 
Starossek and Haberland (2010, 2012) and Wolinski (2013)). In this chapter, the 
  
 
Introduction to structural robustness 31 
 
methodologies to assess structural robustness in literatures are reviewed and 
analysed, and afterwards the current design approaches for robustness in codes and 
guidelines are screened. 
 
III.2 Methodologies for robustness assessment 
To illustrate how the structural robustness assessment can be performed, it is first 
considered how a structure can be assessed. When a structure is to be designed for 
time-independent considerations, the characteristics of the structure such as 
geometries, selected materials and boundaries are determined. Based on these 
characteristics the (internal) structural properties regarding the structure itself such 
as the slenderness and the axial / bending stiffness can be obtained. If the (external) 
environments such as attributes of loading (e.g. magnitude, direction or 
distribution) are considered, then the structural performances (or responses) such 
as load bearing capacity, the displacement and the stored energy can be calculated. 
Furthermore, probabilistic properties such as the failure probability or reliability of 
the structure are known if the uncertainties of the basic variables are taken into 
account. Furthermore, in case damage occurs due to accidental events posed on the 
structure, the structural properties, structural performances and probabilistic 
properties can be assessed again for the damaged structure; structural risk analysis 
with respect to the original structure can also be conducted when the consequences 
due to the accidental events are taken into account. 
 
As mentioned, it is generally accepted that the essences of robustness comprise the 
identification and modelling of exposures, the formulation and calculation of 
damages and the assessment of the disproportionality. Therefore, the event tree 
used e.g. in Baker et al. (2008) can be adopted as a tool to analyse the framework 
of robustness assessment. Based on this tool, the classification of the 
methodologies is realized by exploring the complexity of the analysis method, as 
shown in Figure III.2. Specifically, the methodologies are classified into four 
categories by performing different analyses or assessments for a given / designed / 
existing structure: 
− Structural property based: Given an accidental exposure, the considered 
structure might be damaged. The probability of damage is only related to 
the (internal) structural properties (the simplest case is related to the load 
bearing capacity). If the structure is damaged, the loss directly due to the 
exposure initiation (e.g. a loss of a column) is seen as the direct 
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consequence. In this case, the robustness assessment is structural property 
based. 
− Structural performance based: Consider that in practice the structure is 
subjected to (external) loadings such as self-weight and wind load, then 
a damage in the structure is possible to trigger a follow-up failure or 
collapse of the whole structure. The probability of collapse is calculated 
conditionally on the damage initiation as well as the sustained loadings 
on the structure before the damage occurs. The loss directly due to the 
collapse (e.g. the monetary value of the structure, fatalities due to collapse 
etc.) is seen as the indirect consequence. 
− Failure probability or structural reliability based: if the uncertainties 
corresponding to the internal and external characteristics are taken into 
account, the probability of damage or collapse can be obtained and then 
either a property based or a performance based methodology is updated 
to be probability/reliability based.  
− Risk based: if a methodology is to compare the changes of direct and 
indirect risks based on consequences, then this methodology is seen as 
risk based approach. 
 
Except the classification mentioned above, the methodologies can also be classified 
into deterministic and probabilistic ones by considering whether or not the effect 
of uncertainties is involved, as shown Figure III.2. 
 
Further, some researchers also proposed generalized / generic forms into which the 
robustness measures based on e.g. structural properties and/or structural 
performances can be fitted. These methodologies are illustrated in the following 
subsections. 
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Figure III.2: Classification of robustness quantification methodologies 
 
III.2.1 Structural property based assessment 
III.2.1.1 Stiffness based robustness 
Biondini and Restelli (2008) used structural property indicators to define the life-
cycle structural robustness by comparing the indicators’ values associated with 
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damaged and undamaged systems. Stiffness-based measures (the determinant, the 
trace, the conditioning number of the stiffness matrix) as well as an indicator based 
on the first vibration period (stiffness and mass related) are adopted to defined 
robustness. For simplicity and reference purpose, only the robustness index based 
on the trace of the stiffness matrix is given here. 
 1
0
t
t
t
    (III.1) 
where t is the robustness index related to the trace t of the stiffness matrix with 
the subscripts 0 and 1 denoting the undamaged and damaged states, respectively. 
These robustness indices range from 0 to 1, with the higher the index the more 
robust the system is. 
 
Starossek and Haberland (2011) also proposed a simple and easy stiffness based 
measure of robustness, as defined as 
 
0
det
min
det
j
s
j
K
R
K
   (III.2) 
where Rs is the stiffness-based measure of robustness, K0 and Kj are the active 
system stiffness matrices of the intact structure and of the damaged structure due 
to event j, respectively. The measure has a range [0,1], where higher values of the 
measure relate to more robust systems. 
 
III.2.1.2 Redundancy based robustness 
Frangopol and Curley (1987) proposed three redundancy factors among which the 
strength redundancy factor (SRF) is: 
 intact
intact damaged
L
SRF
L L


  (III.3) 
in which Lintact and Ldamaged denote the load carrying capacity (collapse load) of the 
undamaged and damaged structures, respectively. SRF measures the relative 
change of the damaged structure with respective to the intact structure in terms of 
strength and therefore can be seen as a measure of robustness. SRF ranges from a 
value of 1, when the damaged structure results in system collapse (non-robust), to 
a value of infinity, when the structural damage has no influence on the strength of 
the system (robust). 
 
Another simple and practical measure of structural redundancy used in offshore 
engineering is based on the so-called Residual Influence Factor (RIF) (Faber et al. 
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2006, ISO Standard 19902:2008). The reserve strength ratio (RSR, similar to the 
reserve redundancy factor in Frangopol and Curley (1987)) is defined as 
 c
c
R
RSR
S
   (III.4) 
where Rc denotes the characteristic value of the base shear capacity of an offshore 
platform and Sc denotes the design load corresponding to the ultimate limit state. 
Then the effect of the loss of functionality of a structural member i on the structural 
capacity is measured by a RIF value, as defined as 
 fail,
intact
i
i
RSR
RIF
RSR
  (III.5) 
where RSRfail,i, RSRintact are the RSR values, respectively, of the structure in case 
member i has failed or been removed and of the intact structure. The RIF value, 
ranging from 0 to 1 with larger values indicating larger redundancy, can be 
considered to provide an indication of the robustness of the structure. 
 
More recently, Wisniewski et al. (2006) proposed a redundancy factor (𝜙red ) 
which is defined based on so-called reserve ratios to quantify existing bridge 
robustness by employing definitions of the following four limit states to be checked 
in the design process. 
− member failure limit state: traditional check of individual member safety; 
− functionality limit state: maximum live load displacement accounting for 
the nonlinear behavior of the system, or more specifically, the state for 
which a primary member reaches its functionality limit e.g. l/200 with l of 
the length of the member; 
− ultimate limit state: ultimate capacity of the system or formation of a 
collapse mechanism; and 
− damaged condition limit state: the ultimate capacity of the system after 
the complete removal of one main load carrying component from the 
structural model. 
 
This robustness indicator is defined as 
  red 1 1 1min ; ;f u dr r r r r r    (III.6) 
where, subjected to one of the design load patterns, r1 is the reserve ratio of one of 
the main members; rf, ru, rd are reserve ratios associated to the specified member 
for the functionality limit state, the ultimate limit state and the damaged condition 
limit state, respectively. As proposed by the authors, if the value of 
red  is less than 
1, then the structure is considered to be non-robust; if the value of 
red  is larger than 
1, then the structure is considered to be robust. 
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III.2.2.3 Vulnerability based robustness 
Recently, Chen et al. (2016) proposed a deterministic vulnerability based 
robustness index which accounts for both the topology of the structure and an 
assessment of robustness under specific corresponding events. The vulnerability 
coefficient, a measure of component vulnerability depending on the failure criteria 
of the component, was given for both truss and frame components. For example, 
by considering whether a RC component is under the interaction of axial 
compression, bending and shear or the interaction of axial tension, bending and 
shear the vulnerability coefficient of the component is defined as 
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 (III.7) 
where N0, P0, M0 and V0 are the ultimate capacity of the section under pure axial 
compression, axial tension, bending and shear, respectively; N, P, M and V are the 
internal forces of the interactive section resulting from the specific event; p, q, h 
are the calcualted coefficients. 
 
Further a component importance coefficient based on structural bearing capacity is 
defined as 
 
0
1 ii
R
R
     (III.8) 
where 
i  is the importance coefficient of the component i; R0 is the initial structure 
bearing capacity (intact); and Ri is the structural bearing capacity after a failure of 
component i. Then the vulnerability based robustness index is defined as follows 
taking the importance coefficient as the weight of the vulnerability coefficient: 
 
1
1
1
1
n
i ki ki
kn
RI v
C


     (III.9) 
where 1
nC  is the number of possibilities to remove 1 out of n components; ki , kiv
are the importance coefficient and vulnerability coefficient of component k under 
event i, respectively. The robustness has a value of 0 and 1 corresponding to non-
robust and robust structures, respectively. 
 
 
 
  
 
Introduction to structural robustness 37 
 
III.2.2 Structural performance based assessment 
Besides the proposed structural property based robustness indices, Biondini and 
Restelli (2008) also provided structural performance based robustness indicators. 
Specifically, robustness indices based on displacement and stored energy are used.  
 0
1
s
s
s
    (III.10) 
 0
1




  (III.11) 
where 𝜌𝑠, 𝜌Φ are robustness indices, respectively, related to the displacement s and 
the stored energy Φ of the system; the subscripts 0 and 1 denote the undamaged 
and damaged states, respectively. These robustness indices range from 0 to 1, with 
higher values the indices corresponding to more robust systems. 
 
Also from the viewpoint of energy Starossek and Haberland (2011) proposed a 
simple approach based on the comparison of the energy released during an initial 
failure and the energy required for failure to progress: 
 ,
,
1 max
r j
e
j
f k
E
R
E
    (III.12) 
where Re is the energy based measure of robustness; Er,j is the energy released 
during the initial failure of a structural element j and contributing to damaging a 
subsequently affected structural element k; and Ef,k is the energy required for the 
failure of the subsequently affected structural element k. For the robustness 
indicator Re, a value of 1 indicates perfect robustness; values between 0 and 1 are 
more or less acceptable; negative values indicate the initial failure results in a 
complete collapse. 
 
III.2.3 Probability / reliability based assessment 
III.2.3.1 Probability / reliability based robustness 
In order to take into account the random nature, Frangopol and Curley (1987) and 
Fu and Frangopol (1990) proposed some probabilistic measures related to 
structural redundancy, RI, defined by 
 (damaged) (intact)
(intact)
f f
f
P P
RI
P

   (III.13) 
in which Pf(damaged) is the probability of failure for a damaged structural system and 
Pf(intact) is the probability of failure of an intact structural system. This redundancy 
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index provides a measure of the robustness of a structural system. The index takes 
values between 0 and infinity, with smaller values indicating larger robustness. 
 
They also considered the following redundancy related factor 
R  defined by 
 intact
intact damaged
R


 


  (III.14) 
in which intact and damaged are respectively the reliability indices of the intact and 
damaged system. The system is very robust if the probabilistic redundant index is 
close to infinity; the system is not robust at all if the probabilistic redundancy index 
is close to 1. 
 
III.2.3.2 Vulnerability / damage tolerance based robustness 
Lind (1995) proposed quantitative measures of system vulnerability and damage 
tolerance as robustness indicators. According to the author, vulnerability and 
damage tolerance are considered as reciprocals. Take the vulnerability V of a 
system for example, which is defined as 
 
0
( , )
( , )
dP r SV
P r S
   (III.15) 
where r0, rd are the resistances of the undamaged system and the damaged system, 
respectively; and S is the loading; P(r,S) denotes the probability of failure of the 
system in a state r for prospective loading S. The vulnerability of a system can be 
used to quantify the robustness of the system. The value of V varies from 1 when 
the damage has null impact on the system (robust), to infinity when it has a huge 
impact on the system (non-robust). 
 
III.2.4 Risk based assessment 
A definition of a robustness index based on risk measures and a framework for 
quantitative assessment of system robustness based on risk analysis has been 
presented in Baker et al. (2008). The robustness index Irob is defined by 
 Dir
rob
Dir Ind
R
I
R R


  (III.16) 
where RDir and RInd are the direct risk associated with the initial damage due to the 
abnormal event and the indirect risk associated with the subsequent system failure, 
respectively. Risk may be referred to as a measure of the danger or hazard that 
undesired events affects people, economy or environment, and is defined as a 
combination (usually a product) of the probability of occurrence and the 
  
 
Introduction to structural robustness 39 
 
consequence of a specified hazardous or undesired event. Generally various 
specific methodologies have been developed for the purpose of risk assessment 
within different application areas. In civil engineering an appropriate choice is to 
following the procedural scheme proposed in EN 1991-1-7 (CEN 2006), as given 
in Figure III.3. 
 
 
Figure III.3: Risk analysis scheme in EN 1991-1-7 (CEN 2006) 
 
By definition the risk R(E) associated with one particular event is assessed via the 
product between the probability P(E) that the event takes place and the 
consequence C(E) associated with the event, i.e. 
 ( ) ( ) ( )R E P E C E   (III.17) 
As risks are normally related to scenarios (postulated sequence or development of 
events) it is significant to quantify the probability of occurrence of the scenarios, 
which is in general a probabilistic modelling considering conditional probabilities. 
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However, as pointed out in Canisius (2011), difficulties might exist in risk analysis 
to model and quantify the probability of the exposures i.e. P(E), especially when 
the extreme events are considered as it depends not only on the structure itself but 
also on the context. Therefore, a convenient and helpful way is to quantify the risks 
(and also robustness thereafter) conditionally on a given scenario, i.e. the so-called 
‘scenario approach’, which is adopted in this thesis. This means that in this thesis 
no attention is paid to the identification of neither the accidental events nor 
scenarios. Whether an event is identifiable (hazard-specific) or notional / 
unforeseen (non-hazard-specific), the attributes of the event (e.g. the probability of 
occurrence, magnitude or distribution) are considered to be known. 
 
With respect to the consequence in risk evaluation, the method in JCSS (2008) can 
be adopted, as shown in Figure III.4. In Figure III.4, the vulnerability of a system 
is defined as the ratio between the risks due to direct consequences and the total 
value of the considered asset or portfolio of assets considering all relevant 
exposures and a specified time frame. 
 
 
Figure III.4: Representation of the mechanism generating consequences (JCSS 
2008) 
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For a given exposure or scenario (E), damage (D) might occur in the structural 
system with direct consequences (CDir); the damage might cause a system failure 
(F) with indirect consequences (CInd). Consequently according to Equation (III.17) 
the total risk (R) including direct ( Dir|ER ) and indirect ( Ind|ER ) risks is assessed: 
 Dir| Ind| Dir Ind( | ) ( | ) ( | )E ER R R C P D E C P F D E P D E         (III.18) 
With respect to the quantification of consequences, a simple way is to measure the 
consequences by monetary values. 
 
It is worth noting that the risk-based methodology accounts for not only the 
characteristics of the structural performance but also for the performance of the 
system after damage and all relevant consequences. This promising methodology 
provides a systematic method for quantification of robustness and is adopted by 
several guidelines (e.g. Canisius 2011, ISO 2394:2015). Therefore, the risk-based 
indicator will be adopted in this thesis as the main indictor to measure structural 
robustness. But other well-adopted robustness indicators (e.g. probability / 
reliability based ones in Equations (III.13) to (III.15)) are investigated as well. 
 
III.2.5 Generalized form of robustness assessment 
Besides the methodologies to assess robustness mentioned above, several 
generalized measures from literature to assess robustness are also interesting to 
mention here. 
 
Starossek and Haberland (2011) proposed a generalized damage based measure of 
robustness. The formulation of robustness Rd is based on the complement of a 
dimensionless total damage: 
 
lim
1d
p
R
p
    (III.19) 
in which p is the maximum total damage resulting from the assumable initial 
damage, and plim is the acceptable total damage. Both p and plim refer to damage 
occurring additionally to the initial damage and the quantification of damage 
required here can be performed by reference to the affected masses, volumes, floor 
areas or even resulting costs. A value of 1 for Rd is obtained indicating perfect 
robustness. For values between 1 and 0 the design objectives are more or less met; 
and negative values are obtained when p > plim indicating the design objective are 
not met. 
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The damage based measure of robustness can also be formulated by using the 
complement of the integral of the dimensionless damage progression caused by 
various extents of initial damage i: 
 
1
,int
0
1 2 [ ( ) ]dR d i i di     (III.20) 
where d(i) is the maximum total damage resulting from and including the initial 
damage of event i; both d(i) and i are dimensionless variables obtained by dividing 
the respective reference value (e.g. mass, volume, floor area or cost) by the 
corresponding value of the intact structure. The value of Rd,int lies between 0 and 1, 
with a higher value indicating a better robustness of the structure. 
 
Similarly Cavaco et al. (2013) defined robustness as a structural property which 
measures the degree of structural performance remaining after damaged occurrence 
and proposed a generalized robustness index IR,D by adopting a so-called 
normalized structural performance function f(D) - a function of the normalized 
damage D - as expressed by: 
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    (III.21) 
IR,D has a value range of [0,1] with higher values indicating larger robustness. The 
simplicity and/or accuracy of this measure depends on the performance indicator 
used to define f(D) and it could be a generalized form of several existing robustness 
measures e.g. the ones proposed by Biondini and Restelli (2008) and Lind (1995). 
 
Besides, Brett and Lu (2013) presented a conceptual generic model to assess 
robustness by defining a system measure S of sensitivity to exposure based on a 
global system G and a generic system variable X against which the abnormal 
exposure may be measured. 
 
G
S
X


   (III.22) 
Then the system robustness (insensitivity) R is expressed as 
 
1
1
R
S


  (III.23) 
such that for extremely sensitive (non-robust) systems, S approaches infinity and R 
approaches 0; whereas for perfectively insensitive (robust) systems, S approaches 
0 and R approaches 1. For discrete or non-differentiable variables the sensitivity is 
represented by a normalized system property change, as 
 S G   (III.24) 
S  varies from 0 to 1, with 0 being no change and 1 being 100% change. And the 
robustness measure in Equation (III.23) is modified as 
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 1R S    (III.25) 
The author pointed out that, with such a generic definition of robustness, a variety 
of robustness measures in literatures (e.g. the measures proposed by Frangopol and 
Curley (1987), Lind (1995), England et al. (2008) and Baker et al. (2008)) can be 
fitted into the above general formulation in one way or another. 
 
Note that only the robustness measures which clearly defines when a considered 
structure is robust or relatively robust are reviewed in this subsection. Other 
measures which are related to robustness assessment but do not directly evaluate 
the robustness (at least within the definition of the author) of a considered structure 
are not given. For example, to investigate a structure regarding disproportionate 
collapse, Agarwal et al. (2003) developed a theory which examines the topology 
and connection of the structure to identify inherent weakness and possible failure 
scenarios. A so-called well-formedness (structural property based) was proposed. 
England et al. (2008) extended this theory and proposed an indicator named hazard 
potential (structural performance based) to account for the loading condition. 
Although such measures are related to robustness, a given value of the well-
formedness or the hazard potential does not give an answer whether or not the 
considered structure is robust or relatively robust. A similar observation also 
applies to the generalized redundancy theory developed by Pandey and Barai 
(1997). 
 
III.2.6 Analysis of current robustness indicators 
Although up to now there is no consensus with respect to neither the definition nor 
the assessment of robustness, the robustness indicators mentioned in Sections 
III.2.1 to III.2.5 provides valuable perspectives on how structural robustness could 
be quantified. 
 
According to the definition of robustness in Eurocode EN 1991-1-7 (CEN 2006), 
it is found that the keyword of robustness is ‘disproportionality’ with respect to 
damage and hence the key to quantifying robustness is to quantify the 
disproportionality of damage. Therefore, to correctly and accurately quantify 
robustness it is necessary to quantify the damage due to the original cause and the 
total damage if ‘damage’ is broadly interpreted (unfortunately ‘damage’ is not 
explicitly defined neither in EN 1990 nor in EN 1991-1-7). Under this definition, a 
structure which is damaged or even collapse because of the initiation of an event 
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(e.g. a gas explosion or a powerful earthquake) is still robust as long as no severe 
disproportionality is found. 
 
On the one side, the robustness quantification can be performed by a comparison 
of the structure between its intact and damaged states because the comparison 
provides sufficient information about the damaged state. When the 
disproportionality of the total damage to the initial damage due to the original cause 
is properly quantified in one way or another, then the structural robustness can be 
properly assessed. Broadly speaking, such a comparison forms the basis of the 
current property based, performance based as well as probability / reliability based 
robustness indicators. 
 
On the other side, the quantification and assessment of robustness of a structure 
can also be carried out between its damaged state and its final state of interest.  
Then the disproportionality of damage is interpreted as the disproportionality of 
e.g. the indirect consequences to the direct consequences. This comparison forms 
the basis of the risk-based robustness indicator.  
 
For decision makers, each robustness indicator provides useful information within 
the context of this indicator. A decision with respect to robustness may be 
understood as a committed allocation of aspects from different robustness 
indicators.  
 
It is the fact that most of the robustness indictors are useful to provide information 
about structural robustness, however there are also some limitations with respect 
to these indicators: 
− Some of the current robustness indicators are deterministic and fail to take 
into account uncertainties. 
− Some of the current robustness indicators are not effective. For example, 
Biondini and Restelli (2008) admitted that some of the indices seem to be 
not suitable to fully describe the effects of damage on the structural 
robustness. In the example used in this article the robustness index  based 
on the trace of stiffness matrix (Equation (III.1)) shows a very small 
sensitivity to damage and the index based on the determinant of stiffness 
matrix is not able to catch the different role played by different elements. 
− Few robustness indices account for the damage from deterioration of 
structures. Current robustness assessment is usually related to damage 
suddenly provoked by accidental actions, like explosion or impact. 
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However, damage could also arise slowly in time from aging of structures, 
as induced for example by environmental aggressive agents. This means 
the current robustness assessment are proposed primarily for new 
structures but not existing structures for which durability issues are 
significant. Cavaco et al. (2013) measured the robustness of corroded RC 
structures by adopting a normalized structural performance function 
(Equation (III.21)). However, the consideration of deteriorations in other 
robustness indicators is also of interest. 
− Current robustness assessment does not quantitatively consider the 
activities within the service life of a structure. After a structure is designed 
and constructed, activities like health monitoring, maintenance and/or 
repair are continued. In case of severe deteriorations or changes of 
functionality, activities such as rehabilitation, strengthening, replacement 
and retrofitting may be taken. The effects of such activities should also be 
quantitatively considered in the framework of robustness assessment.  
 
III.3 Code-based approaches for robustness 
III.3.1 Philosophy of robustness design 
As mentioned previously, robustness has been considered as a desirable ‘must-
have’ property in structural engineering and several different perspectives and 
opinions exist on the understanding, interpretation, and assessment of robustness. 
Robustness is treated as a structural-wide characteristic and considered to be 
associated with several properties or indicators including ductility, redundancy, 
risk, variability of loading and resistance, probabilistic descriptions of 
extraordinary events, performance of structural members and connections, 
dependencies of failure modes, consequences of structural component failures, 
strategies for structural monitoring and maintenance, emergency preparedness and 
evacuation plans and general structural well-formedness and integrity. Therefore, 
to account for robustness a structural design involves procedures with respect to 
robustness of an entire range of activities and processes which include the planning 
and conceptualization phases, feasibility assessment, structural analysis, 
formulation of detailed design proposals and preparation of the execution plan for 
the design proposals and the maintenance plan for the structure over its lifetime. 
The primary requirements or expectations of a standard structure design that is to 
be realized through its design process are associated with the following 
considerations. 
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− Consideration of functionality: appropriate fulfilment of use or 
functionality without the need for abnormal maintenance during its 
lifetime. 
− Consideration of safety: ensuring sustainable lifecycle performance by 
sustainable practices in design, execution, use and maintenance. 
− Consideration of sustained performance: minimizing damage to the 
environment. 
− Consideration of economy: designing at an optimal overall lifecycle cost. 
 
During the design process, a trade-off needs to be realized between the 
considerations and requirements related to functionality, safety, sustained 
performance and economy. The design process is facilitated through the use of 
suitable codes of practice, standards and guidelines, with which designers and 
engineers draw upon their knowledge, experience, skill and judgement to realize 
the above considerations and make decisions with a certain degree of freedom in 
the process. 
 
The conceptual formulation of code-based design for robustness requires the 
stipulation of provisions and measures to ensure robustness in addition to the 
considerations arising from the standard safety format. Some of the existing codes 
and standards do have certain requirements that the structures should be robust 
although only few have the robustness requirements explicitly defined. To ensure 
a systematic understanding of the current considerations of provisions for 
robustness, a review of European and American codes and standards dealing with 
the design, execution, material aspects and maintenance of e.g. concrete and/or 
steel structures is made, as shown in the following subsections. 
 
III.3.2 Robustness requirements in codes and standards 
III.3.3.1 EN 1990 Basis for structural design (CEN 2002) 
As a basic requirement, the Eurocode for structural design, EN 1990 requires 
robustness implicitly, as stated in two clauses in Section 2: 
− 2.1(4) “A structure shall be designed and executed in such a way that it 
will not be damaged by events such as:  
 explosions, 
 impact, and 
 consequence of human errors, 
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to an extent disproportionate to the original cause” 
− 2.1(5) “Potential damage shall be avoided or limited by appropriate 
choice of one or more of the following: 
 Avoiding, eliminating or reducing the hazards to which the 
structure can be subjected 
 Selecting a structural form which has low sensitivity to the 
hazards considered 
 Selecting a structural form and design that can survive 
adequately the accidental removal of an individual member or a 
limited part of the structure, or the occurrence of acceptable 
localized damage 
 Avoiding as far as possible structural systems that can collapse 
without warning 
 Tying the structural members together.” 
 
The requirements directly link to some of the definitions of robustness by linking 
to terms such as damage tolerance or low sensitivity. Damage tolerant structures 
are believed to show robustness regarding abnormal events such as explosions and 
impacts. The second clause indicates the possibilities to enhance the robustness 
from the other way around: by a procedure of risk reducing measure and measures 
including structural integrity. The Eurocode EN 1990 also implies that levels of 
reliability relating to structural resistance and serviceability can be achieved by 
suitable combinations of measures including robustness, as indicated in Clauses 
2.1(1), 2.1(2) and 2.2(5). 
 
III.3.2.2 EN 1991-1-7 Accidental actions (CEN 2006) 
In Eurocode EN1991-1-7 on accidental actions robustness is defined as “the ability 
of a structure to withstand events like fire, explosion, impact or the consequences 
of human error, without being damaged to an extent disproportionate to the 
original cause.” Based on this definition, the code introduces a guideline of 
ensuring sufficient robustness by the following clause: 
− 3.2 (3) c) “Ensuring that the structure has sufficient robustness by 
adopting one or more of the following approaches: 
 By designing certain components of the structure upon which 
stability depends as key elements to increase the likelihood of the 
structure’s survival following an accidental event 
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 Designing structural members, and selecting materials, to have 
sufficient ductility capable of absorbing significant strain energy 
without rupture 
 Incorporating sufficient redundancy in the structure to facilitate 
the transfer of actions to alternative load paths following an 
accidental event” 
 
Also strategies for limiting the extent of localized failure with respect to accidental 
situations are given in the following clause: 
− 3.3 (2) The mitigation should be reached by adopting one or more of the 
following approaches: 
 a) designing key elements, on which the stability of the structure 
depends, to sustain the effects of a model of accidental action; 
 b) designing the structure so that in the event of a localized 
failure (e.g. failure of a single member) the stability of the whole 
structure or of a significant part of it would not be endangered; 
 c) applying prescriptive design/detailing rules that provide 
acceptable robustness for the structure (e.g. three-dimensional 
tying for additional integrity, or a minimum level of ductility of 
structural members subject to impact). 
 
For these strategies three consequence categories for the design of structures under 
extraordinary events are given in the code and the designed structures based on 
such strategies are expected to have adequate robustness such that the damage to 
the structures is not disproportional to the original action. Following these 
requirements, an informative annex is provided to give rules and methods for 
designing buildings to sustain an extent of localized failure from an unspecified 
cause without disproportionate collapse. In general, the key element method (Figure 
III.5) and the tie force method are included. 
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Legend: 
a) Floor plan 
b) Elevation with vertical section 
(A) Local damage less than 15% of floor area but not more than 100 m2 
(B) Column, removed for analysis 
Figure III.5: Recommended limit of acceptable damage (key element design in EN 
1991-1-7 (CEN 2006)) 
 
III.3.3.3 ASCE/SEI 7-10 Minimum design loads for buildings and other structures 
(ASCE/SEI 2010) 
The ASCE/SEI document 7-10 provides precautions in design to limit the effects 
of local damage via a commentary. Note that although the meaning of progressive 
collapse is involved in robustness (ISO 2394:2015), in the context of American 
experts and researchers, the term robustness is much less frequently documented 
than the term progressive collapse. Two ways of design, i.e. direct and indirect 
design methods are described in ASCE/SEI 7-10. Note that no quantitative 
requirements for neither direct nor indirect design to resist progressive collapse are 
provided in this guideline. 
 
The direct design considers the resistance to progressive collapse explicitly during 
the design process itself. This can be obtained by the alternate path method which 
allows local failure to occur without major collapse, because the other load path(s) 
will allow the damage to be ‘absorbed’. The structural integrity of a structure may 
be tested by analysis to ascertain whether alternative paths around hypothetically 
collapsed regions exist. In addition, the specific local resistance method which 
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seeks to provide sufficient strength to resist failure from accidents or misuse is also 
recommended. 
 
The indirect design considers the resistance of progressive collapse during the 
design process implicitly through the provision of minimum levels of strength, 
continuity, and ductility. Alternative path studies may be used as guides to develop 
rules for the minimum levels of these properties needed to apply the indirect design 
approach to enhance structural integrity. Furthermore, specific recommendations 
to achieve a resistance to progressive collapse such as ties are also described. 
 
III.3.3.4 UFC 4-023-03 Design of buildings to resist progressive collapse (UFC 
2013) 
Followed by the definition of progressive collapse given in ASCE/SEI 7-10, the 
Unified Facilities Criteria (UFC) provides design requirements necessary to reduce 
the potential of progressive collapse for new and existing facilities that experience 
localized structural damage through normally unforeseeable events. This guideline 
quantitatively extends the concept of direct and indirect design in ASCE/SEI 7-10 
and provides detailed requirements for concrete, steel, masonry and wood 
structures. For indirect design, a tie force method (e.g. Figure III.6 for a frame 
structure) which is used to enhance continuity, ductility and structural redundancy 
is also quantified by specifying the minimum tensile force that must be used to tie 
the structure together. 
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      Note: 1. Peripheral, longitudinal and transverse ties are not required in floors above  
                    crawlspaces if public access control is provided. 
                2. Vertical ties are not required to extend to the foundation and shall be straight. 
Figure III.6: Tie force in a frame structure (UFC 4-023-03 (UFC 2013)) 
 
Note that another guideline “GSA Alternative path analysis and design guidelines 
for progressive collapse resistance (GSA 2013)” also provides requirements for 
robustness. However, this guideline is almost adapted from UFC 4-023-03 with 
alternate path method being similarly adopted and hence will not be further 
described herein anymore. 
 
III.3.2.5 ISO 2394 General principles on reliability for structures (ISO 2394 2015) 
In the recent version of ISO 2394, an informative annex regarding structural 
robustness is provided. The annex is based on the results of the COST Action 
TU0601 (Canisius 2011). The structures are categorized into five classes based on 
consequences and the appropriate robustness measures and the appropriate method 
of analysis to use depending on its consequence category are provided. 
 
The Standard recommends risk informed and reliability based approaches to ensure 
the robustness of structures. However, in the case where a risk and reliability based 
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approach is not required the available design methods to identify appropriate 
robustness provisions are also provided as follows: 
− Event control: affects the probability of occurrence of identified hazards.  
− Specific load resistance: Influences the probability of local damage, given 
that hazard occurs i.e. reduces the vulnerability of the structure and its 
members. 
− Alternative load paths: influences the probability of further (i.e. “follow-
up”) failure, such as collapse given local failure. Structural provisions 
such as ties can help to provide alternative load paths.  
− Measures that reduce the consequences of failure, especially of indirect 
consequences. 
 
Table III.1: Robustness requirement in codes 
Code 
Direct design Indirect design 
Alternate 
load path 
Specific load 
resistance 
Key 
element 
Tie 
forces 
Prescriptive 
measure 
EN 1990     √ 
EN 1991-1-7 √  √ √ √ 
ASCE/SEI 7-10 √ √   √ 
UFC 4-023-03 √ √  √ √ 
GSA 2013 √    √ 
ISO 2394 √ √   √ 
 
It can be seen that robustness design has gained significant attention in European, 
American and international codes, standards and guidelines. In general, to 
quantitatively design for robustness, direct and indirect methods can be used for 
structures classified in a certain consequence class. Direct design strongly relying 
on structural analysis aims at explicitly ensuring collapse resistance in the design 
process by demonstrating that the structure meets the specified performance 
objectives when specified hazard scenarios occur and affect the structure. Indirect 
design, on the other hand, aims at reducing the probability of occurrence of hazards 
and reducing the effects of a hazard implicitly by incorporating agreed design 
features that help to achieve the performance objectives. Therefore, the key element 
method is seen as a direct method as it explicitly enhances the collapse resistance 
in the design process. The robustness requirements mentioned above are 
summarized in Table III.1. Note that the methods in ASCE/SEI 7-10 are not 
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quantitatively prescribed. For details on these methods, reference is made to the 
respective documents. 
 
III.4 Summary 
 
− The meaning of structural robustness and its definition in current 
international codes and guidelines is briefly introduced.  
− Methodologies for achieving structural robustness are comprehensively 
reviewed. The methodologies on the quantitative assessment of 
robustness are classified into four categories which comprise the hierarchy 
of structural analysis, i.e. analysis of a property of the structure itself, 
performance analysis of the structure subjected to external environmental 
actions like loading, probabilistic analysis of the performance of the 
structure by considering variations of internal and external variables and 
risk analysis of the structure subjected to abnormal events like explosions 
and impacts. It is found that there is no consensus with respect to the 
definition or the assessment of robustness. As some limitations exist for 
current robustness methodologies, further work needs to be done with 
respect to the quantification of robustness, which will be developed in 
Chapter VII. 
− Requirements for robustness in current European, American and 
international codes, standards and guidelines are reviewed. It is found that 
robustness has gained critical attention in current codes. In general, direct 
methods, indirect methods as well as prescriptive measures (preventive or 
protective) are normally adopted in the current code formats. 
− The introduction on structural robustness in this chapter sets the basis for 
the robustness quantification in Chapter VII and Chapter VIII. 
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ACTION IN FRP STRENGTHENED 
RC MEMBERS 
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Most of the results in this chapter have been published in Y. Zeng, R. Caspeele, S. Matthys and L. 
Taerwe. “Compressive membrane action in FRP strengthened concrete members.” Construction and 
Building Materials, 126: 442-452, 2016 
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IV.1 Introduction 
Design of structures for robustness has been recognized to be significantly 
important. Robustness has been incorporated in both European codes (CEN 2006; 
Canisius 2001) and American guidelines (ASCE/SEI 2013; UFC 2013; GSA 2013). 
In general, structural robustness can be achieved through indirect design and direct 
design approaches. In the direct design, alternative load path design is efficient for 
structures in resisting disproportional collapse. One solution to increase the 
robustness could be the use of FRP (Jonaidi and Sasani 2012; Bank 2012; Kai and 
Li 2012)). For simply supported one-way reinforced concrete members 
strengthened with externally bonded FRP, previous research proved that instead of 
strength criteria the deflection criterion and debonding criteria tend to control the 
design of the strengthened members and dominates the composition of the cross-
section along the length of the members. However, in FRP strengthened one-way 
RC members with longitudinal lateral restraints, the design is governed by concrete 
compressive strength due to compressive membrane action (CMA) (Taylor and 
Mullin 2006). 
 
Since CMA (also referred to as arching effect) was first recognized by Turner in 
1909 (Turner 1909), much work has been done in this topic particularly in the field 
of concrete slabs, as can be seen in a detailed overview by Taylor et al. (2002). 
Many researchers found that the experimental observations on two-way RC slab 
behaviour showed a considerable increase in the ultimate loading capacity 
compared to that predicted using the yield-line theory (e.g. Wood 1961; Park 
1964a). These capacity enhancements observed in tests were believed to be 
attributed to the CMA effect. To throw a light on this enhancement, Park proposed 
a model to predict the ultimate loading capacities of two-way RC slabs using a strip 
approximation and deformation theory (Park 1964b). This theory was later 
modified to consider the effects of long-term loading as well as the lateral 
displacement due to partial restraint which were both found to have an adverse 
effect on the enhancement (Park 1964b). This strip method was then 
developed/extended to take into account other boundary conditions and further 
applied to one-way RC strips by considering only one strip in the method (e.g. 
Morley 1967; Hung and Nawy 1971; Park and Gamble 2000). Following the 
proposal and the application of this strip method, the CMA effect in one-way RC 
members has gained much attention. 
 
Since the 1980’s several tests on the development of CMA in one-way RC slab 
strips representing floor slabs or bridge decks were conducted by several 
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researchers (Woodson and Garner 1985; Guice et al. 1989; Taylor et al. 2003; 
Muthu et al. 2007; Zheng et al. 2008; Zheng et al. 2012; Wang et al. 2011; Valipour 
et al. 2013). It was found that the slope in the early stage of the load deflection 
curve is noticeable at relatively small deflections of the fully rigid slab strips and 
the activation of CMA enhances the load bearing capacity of one-way RC slabs. 
The major influencing factors were found to be concrete strength, reinforcement 
ratio, edge restraint and span-to-depth ratio. 
 
For beam systems, Ruddle et al. (2002) tested thirty rectangular and T-shaped RC 
beams with parameters being the span-to-depth ratio, boundary conditions, web 
width and reinforcement ratio in order to investigate the influence of CMA on 
flexural and shear behavior. Test observations from all specimens showed that the 
boundary conditions affect the peak capacity and deformation, and that the increase 
of span-to-depth ratio results in a reduction of the peak capacity. Later, several FRP 
strengthened RC beams with discontinuous and continuous reinforcement were 
tested under three-point loading to investigate the phenomenon of membrane action 
by Orton et al. (2009). It was found that beams with continuous longitudinal bars 
were able to develop an adequate degree of membrane action and it was found from 
the test observations that a RC beam can be modelled as a sequence of rigid blocks. 
Recently, many beam-column sub-assemblies representing RC frame structures 
were tested to investigate the effects of disproportionate collapse caused by an 
unexpected scenario of an interior column removal (e.g. Su et al. 2009; Choi and 
Kim 2011; Yu and Tan 2013). Normally a beam-column sub-assembly comprises 
two beam spans, a center column stub and two side column stubs. These specimens 
were designed with different configurations of reinforcement ratio, reinforcement 
detailing, span-to-depth ratio and were subjected to a quasi-static monotonically 
increasing loading pointed at the center column stub. In agreement with previous 
literature, it is found that the initiation of CMA resulted in a clear enhancement of 
the load bearing capacity compared to the predicted one using conventional plastic 
hinge theory. Also it was observed that an increase of reinforcement ratio (either 
top or bottom or both) or span-to-depth decreases the strength enhancement, which 
is consistent with the findings in one-way RC slab strips. Furthermore, these tests 
also demonstrated the dependency of CMA on the shift of the neutral axis due to 
the occurrence of cracks in the tensile zone of the cross-section. 
 
The first attempt in numerical simulation of CMA was based on an elastic-plastic 
analysis of rectangular RC slabs by Massonet (1968). Regarding Finite Element 
(FE) methods, a nonlinear FE model for RC frames was proposed by Vecchio and 
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Tang (1990) using layered sectional analysis. The verification by experimental 
results showed a reasonable agreement with a slight overestimation. Recently, a 
generic beam element model for CMA was proposed for lightly reinforced 
members subjected to fire conditions with axial restraints (Izzuddin 2004). Another 
generic nonlinear compound FE model for investigation of CMA in RC members 
was developed and applied by Valipour et al. (2013). This model accounts for 
geometrical and material nonlinearities, combining a non-local model to resolve 
the numerical sensitivity due to concrete softening and shows reasonable accuracy 
when compared to test results. 
 
The research programmes mentioned above have been conducted to demonstrate 
and promote the advantages of CMA. This research has shown that CMA is 
beneficial in both strength enhancement and serviceability behaviour for laterally 
restrained concrete flexural members. Thus, the concept of CMA makes it possible 
to construct functional, economic and durable concrete members and has been 
incorporated specifically into the design guidelines of e.g. Northern Ireland, the 
United Kingdom, Canada and New Zealand (DoE 1986; UKHA 2002; CAN/CSA 
2013; NZTA 2013).  
 
With the increased application of FRP for the strengthening of concrete structures 
and the consistent requirement to enhance structural robustness, a model to predict 
the CMA capacity of one-way FRP strengthened concrete flexural members 
(beams and slabs) is desirable. With simple inputs of geometrical properties, 
material properties and boundary conditions, an analytical model that accounts for 
the stress state of both steel and FRP reinforcement is presented. The proposed 
model is validated with available test results in literature and then compared with 
traditional calculations (which do not consider CMA) according to the fib guideline 
(fib 2001). In addition, a parametric study is conducted and design 
recommendations are presented. 
 
IV.2 Proposed method 
In general, the prediction of CMA in concrete members can be based on two main 
methods. Although both methods are based on a rigid plastic approach, as shown 
in Figure IV.1, the consideration of CMA is quite different between them. As 
proposed by Park and Gamble (2000), one method is using plasticity theory and 
deformation theory to obtain the member’s resistance under CMA by considering 
strain compatibility and force equilibrium at the sectional level. This method 
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considers CMA to be initially associated with the bending capacity and is has been 
proven valid for estimating the CMA capacity of laterally restrained RC members 
(Park and Gamble 2000). Another main method accounts for the ultimate load of 
laterally restrained members by taking the sum of the bending capacity and the 
additional three-hinge arch load due to CMA. Hence, the bending load and 
additional compressive arch load are considered separately. This method was first 
proposed by McDowell et al. (1956) for masonry walls, and was then further 
developed by Rankin and Long (1997) and by Taylor et al. (2003) for RC slabs. 
Both methods share the idealized geometry of the deformations. However, there 
exists an important difference in these approaches: the plasticity theory for concrete 
behaviour and the deformation theory approach (total strain rule) are adopted in the 
Park and Gamble method; while in the second method the elastic-plastic theory for 
concrete behaviour and strain increment approach (flow rule theory) are adopted. 
Both the plasticity theory and deformation theory approaches are adopted in 
European codes and guidelines (e.g. Eurocode 2 (CEN 2004) and fib bulletin 14 
(2001)) to obtain the ultimate loading capacity of RC members (method by Park 
and Gamble). This assumption is also consistent with the fact that the CMA 
capacity is associated with pure bending capacity. 
 
 
Figure IV.1: Rigid plastic assumption and equivalent boundary condition. 
 
Figure IV.1 displays the general description of laterally restrained beam structures. 
It could be a regular beam, or a beam-column sub-assemblage that represents the 
behaviour of a continuous beam under a column removal scenario. As shown in 
Figure IV.1, it is assumed that four idealized plastic hinges (pseudo-hinges in case 
of a FRP strengthened section) form symmetrically along the beam. The model can 
be adjusted accordingly for other hinge locations, which will be discussed later. 
The span of the beam is l and ln is the net span length from the assumed plastic 
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hinge at the beam end to the nearest hinge in the span and r is defined as the ratio 
of ln to l. 
 
IV.2.1 Assumptions 
The rigid plastic mechanism is the basic preassumption, which means that 
segments between plastic hinges remain rigid. For simplicity, complete symmetry 
along the span is assumed at this stage with respect to geometry, reinforcement, 
loading, boundary conditions and deformations. The longitudinal lateral restraints 
from surrounding structures are idealized to be equivalent axial springs with 
stiffness Ka. To calculate critical sectional moments and forces, Eurocode 2 (CEN 
2004) and fib bulletin 14 (2001) are applied. Hereby, the following assumptions 
are inherently considered: 
(1) Plane cross-sections remain plane. 
(2) At critical sections, unless stated otherwise the full composite action 
between FRP and concrete is assumed, which means that the flexural steel 
reinforcement has yielded followed by concrete crushing in the 
compression zone and whereas the FRP remains functional as far as the 
ultimate FRP strain (FRP rupture or debonding) has not been reached. The 
latter corresponds with yielding of the steel followed by FRP failure 
(rupture or debonding). The details of possible failure modes are discussed 
in Section IV.2.2. 
(3) An idealized equivalent rectangular stress block is employed for 
compressive concrete with an ultimate strain of 3.5‰ in the ultimate 
compression fibre of the concrete cross-section (fib bulletin 14 (2001)); 
the concrete tensile strength is ignored. Note that the ultimate strain of 
concrete could be adjusted to other widely used values e.g. 3.3‰ and 3‰, 
and the effect of this concrete strain will be discussed in Section IV.4.3. 
For the flexural steel reinforcement, a bilinear stress-strain relationship is 
considered and the tensile stress-strain behaviour of the FRP is idealized 
by a linear relationship. The constitutive models for component materials 
are shown in Figure IV.2. 
(4) The compressive strength of FRP is neglected at the section where FRP is 
placed at the compression zone, which means that only tensile FRP is 
accounted for the CMA capacity prediction. 
 
According to test results in Yu and Tan (2013), the difference between horizontal 
reaction forces at the end supports and internal axial reaction forces along the beam 
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span can be neglected during the CMA stage due to the small beam deformation, 
and the axial compression is constant along the beam span. Thus, it is also assumed 
that: 
(5) The axial force at the beam end (Nu1) is equal to the axial force in the span 
(Nu0), as shown in Equation (IV.1) 
 
0 1u uN N N    (IV.1) 
(6) There exists a uniform elastic compression strain distribution due to the 
compressive force along the span. The strain is  = N/(EcAc), where N is 
the axial force, Ec is the elastic modulus of concrete and Ac is the cross-
sectional area. 
 
 
Figure IV.2: Constitutive models for component materials 
 
IV.2.2 Failure mode 
The preferred failure mode of a section of a FRP strengthened flexural member 
could be either tensile steel yielding / concrete crushing (before FRP rupture or 
debonding) or tensile steel yielding / FRP failure (either FRP rupture or debonding 
failure). The consideration of failure mode in the context of this work also accounts 
for the stress state (yield or not) of the compressive steel reinforcement. If the stress 
state of the compressive steel reinforcement is taken into account, the practical 
failure mode of a section could be either both steel yielding (tensile and 
compressive) / concrete crushing (A1), or tensile steel yielding / concrete crushing 
(A2), or only tensile steel yielding / FRP failure (either FRP rupture or debonding 
failure) (B). For the assumed rigid plastic beam model of Figure IV.1 and as further 
detailed in Figure IV.3, the failure mode of the whole member relates to the failure 
modes of the sections at the midspan and the beam ends. In other words, the failure 
mode of the member considered is the combination of the failure modes at midspan 
and beam ends (or in between supports for continuous members). All the different 
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failure mode combinations are shown in Table IV.1. The theory and analysis in 
Sections IV.2 till IV.4 are developed assuming failure types A to be governing. In 
Section IV.5 also possible failure type B is considered. 
 
The mode of failure of a FRP strengthened concrete section depends on the amount 
of used materials (i.e. concrete, steel and FRP) and their corresponding mechanical 
properties, as well as the geometric configurations of the considered member. 
Besides the failure modes mentioned above, the failure mode of tensile steel 
yielding / compressive steel yielding / FRP failure is also possible to occur. 
However, in many cases the compressive steel reinforcement does not reach its 
yielding strain if FRP failure is assumed. It is simple to prove that for this case the 
failure of concrete crushing will occur before the occurrence of FRP failure if the 
compressive steel reinforcement is assumed to reach its yield strain. Then the 
failure mode becomes bottom and top steel yielding / concrete crushing (i.e. failure 
mode A1). In all the cases of this thesis (including cases used for the verification 
and parametric study) no failure mode of tensile steel yielding / compressive steel 
yielding / FRP failure is observed. Therefore, to minimize the complexity of the 
analysis, the failure mode of tensile steel yielding / compressive steel yielding / 
FRP failure is not considered. In case the failure mode of tensile steel yielding / 
compressive steel yielding / FRP failure occurs, the model proposed in this chapter 
can also be used by simple adjustments 
 
Table IV.1: Failure modes 
Case 
Failure modes 
at beam ends 
Failure mode 
at midspan 
A1-A1 A1 A1 
A1-A2 A1 A2 
A2-A1 A2 A1 
A2-A2 A2 A2 
A1-B A1 B 
A2-B A2 B 
B-A1 B A1 
B-A2 B A2 
B-B B B 
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IV.2.3 Compatibility equation 
Due to symmetry, only one-half of the deformed shape is illustrated in Figure IV.3. 
The axial force along the beam causes a horizontal displacement t at the support, 
which indicates the small lateral deformation of lateral restraints and is calculated 
by t = N/Ka, where N is the axial force at the beam end and Ka is the axial stiffness 
of the restraint from surrounding structural elements. 
 
According to assumption (6), the compression strain related to N is uniformly 
distributed along the beam. Thus the contraction of the portion shown in Figure 
IV.3 is rl. In addition, the contraction of the middle portion of the beam (the zone 
in between the two central plastic hinges in Figure IV.1) is (1-2r)l. The 
compatibility condition is shown in Equation (IV.2). 
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where x0, x1 are the neutral-axis depth in the span and at the beam end, respectively; 
and  is the rotation at the beam end. 
 
 
Figure IV.3: Idealized geometry deformation of one-half of the restrained 
strengthened beam 
 
Since  is quite small, the lateral deformation t of the restraints and the contraction 
of the middle portion are extremely small compared to rl. Hence, the following 
approximation holds: 
 tan
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  (IV.3) 
where  is a given vertical deflection of the beam in the span. 
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Substituting Equation (IV.3), and the expressions of the beam strain  = N/(EcAc) 
and lateral restraint deformation t = N/Ka into Equation (IV.2) and considering the 
approximation that tan sin 2sin
2

   yield 
 
2
0 1
1 2
( )
2 2
r
c c a
N l
h x x
E A K l


       (IV.4) 
The step-by-step derivation of Equation (IV.4) is given in Appendix A. Note that 
the rotation of the supports can slightly influence the deflection and further affect 
the load bearing capacity of the member. As the main objective of the present study 
is to show how to predict the load bearing capacity of FRP strengthened one-way 
RC members considering CMA effect, the slight effect of the support rotation on 
the load bearing capacity is not specifically considered for the purpose of 
simplicity. However, an extra rotation angle (e.g. 𝜙) representing the rotation of 
supports can be added to Figure IV.3, and the previous equations can be adjusted 
straightforwardly. 
 
IV.2.4 Force equilibrium 
The critical cross-sectional strain and stress distribution and also the internal force 
components are shown in Fig. 3 in the case of the beam end. 
 
Figure IV.4: Strain and stress distribution at critical cross-section (beam end) 
 
From Figure IV.4b, the strains of the flexural reinforcement at the beam end are 
expressed as 
 
1 1 1[( ) / 1]s s cu suh a x        (IV.5) 
 ' ' '
1 1 1(1 / )s s cu sua x       (IV.6) 
 
1
1 1[( ) / 1]
2
f
f cu fu
t
h x        (IV.7) 
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where s1, 's1 and f1 are the strains of the tensile steel reinforcement, compressive 
steel reinforcement and tensile FRP reinforcement, respectively; as1 is the distance 
from the outer tension fibre of concrete to the centroid of the tensile steel 
reinforcement; a's1 is the distance from the outer compression fibre of concrete to 
the centroid of the compression steel reinforcement, tf1 is the thickness of the tensile 
FRP reinforcement and cu, su, fu are the specified ultimate strain of concrete, steel 
and FRP, respectively. Note that the initial strain o is not considered in Equation 
(IV.7) because this strain does not exist in the following sections. However, as 
indicated in Equation (II.3), the initial strain should be taken into account in case 
the to-be-strengthened element may not be fully unloaded.  
 
To guarantee adequate deformation capacity of the strengthened flexural member 
and to involve the formation of (pseudo-) hinges, the internal tensile steel should 
yield at failure, i.e. the curvature (or deflection) at ultimate should be large enough. 
In other words, the tensile strain of steel is considerably larger than the yield strain. 
According to Equation (IV.5), x1 should be less than x1max = (h - as1)/(1 + y / cu) 
in order to have yielding in the top tensile reinforcement. On the other hand, the 
tensile strain of FRP should not exceed the failure strain of FRP. The failure strain 
of FRP could be activated by debonding or rupture, however, in the first instance 
the failure strain is assumed to be the ultimate tensile strain. According to Equation 
(IV.7), 
1x  should be larger than x1min = (h + 0.5tf1)/(1 + fu / cu). Here fu is the 
ultimate strain of FRP. The value of fu normally ranges from 1% to 2% and a value 
of 1.5% is selected if not specified otherwise. The value x1min corresponds with 
tensile steel yielding followed by concrete crushing and FRP rupture at the same 
time. If x1 becomes smaller than x1min, the failure mode is governed by FRP rupture 
without concrete crushing, as will be discussed in Section IV.5. 
 
According to Figure IV.4d, the axial forces at the beam end and that in the span are 
given by 
 
1 1 1 1 1u c sN C C T F      (IV.8) 
 
0 0 0 0 0u c sN C C T F      (IV.9) 
where Cc1 and Cc0 are the concrete compressive forces, Cs1 and Cs0 the steel 
compressive forces, T1 and T0 the steel tensile forces, and F1 and F0 the FRP tensile 
forces, acting on the beam end and the middle span, respectively. 
 
Based on Figure IV.4c, the concrete compressive force can be expressed as 
 
1 1 10.85c cC f b x   (IV.10) 
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where
cf  is the design value of concrete strength and 1  is the ratio of the 
equivalent rectangular stress block depth to the actual neutral-axis depth. 
 
After the check whether compression steel reinforcement has yielded or not (A1 or 
A2 in Section IV.2.2), the steel compression force 
1sC is given by 
 
' ' '
1 1 1
1 ' '
1 1
   if 
      if 
s s s s y
s
y s s y
E A
C
f A
  
 
 
 

  (IV.11) 
where Es,y and '1sA  are the elastic modulus, yield strain and the cross-section area 
of the compression steel reinforcement at the beam end, respectively. 
 
Based on assumption (2), the force components of tension reinforcement bars and 
FRP reinforcement are given by 
 
1 1y sT f A   (IV.12) 
 
1 1 1f f fF E A   (IV.13) 
where As1 is the cross-section area of the tension steel reinforcement at the beam 
end; Ef and Af1 are the elastic modulus and laminate area of the tension FRP 
reinforcement at the beam end. 
 
Note that, the compressive force of concrete (
0cC ), the compressive and tensile 
forces of steel reinforcement (
0sC  and T0), and the tensile force of FRP (F0) at 
midspan can be calculated in a similar way as given by Equations (IV.10) to 
(IV.13). 
 
According to Figure IV.4d, the moment resistance at the beam end (Mu1) and that 
in the midspan (Mu0) can be calculated as 
 
1'1 1
1 1 1 1 1 1 1( ) ( ) ( ) ( )
2 2 2 2 2 2
f
u c s s s
txh h h h
M C C a T a F

          (IV.14) 
 
0'1 0
0 0 0 0 0 0 0( ) ( ) ( ) ( )
2 2 2 2 2 2
f
u c s s s
txh h h h
M C C a T a F

          (IV.15) 
From Equations (IV.8) to (IV.13) it can be noted that the axial forces at the beam 
end and in the midspan can be expressed in terms of x1 and x0, which means that x0 
is a function of x1 in Equation (IV.1). According to Equation (IV.4), it is obvious 
that x0 is also a function of . Hence, the aforementioned equations can be solved 
for a given value of . 
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IV.2.5 Calculation procedure 
The ultimate load bearing capacity is obtained by a stepwise calculation procedure 
that consists of in incrementing the value of the deflection δ. As mentioned above, 
the force equilibrium gives an equation in terms of x0 and x1; and the compatibility 
assumption gives another equation in terms of x0, x1 and . Consequently, the 
solutions of x0 and x1 are obtained by solving these two equations simultaneously 
for a given value of . Following, the axial force (N) and bending moments (Mu1 
and Mu0) can be found by substituting the solutions of x0 and x1 back into Equations 
(IV.8) to (IV.13). Next, the load resistance of the member is determined according 
to the equilibrium requirements of the free body diagram (Figure IV.5). The results 
are shown in the following equations: 
 
For a point load distribution, the total load is: 
 1 0
2( )u u
n
M M N
P
l
 
   (IV.16) 
For a uniformly distributed load q, it holds that: 
 1 0
2
2( )u u
n
M M N
q
l
 
   (IV.17) 
 
 
 
Figure IV.5: Free body diagram of the analysed portion. (a) point load and (b) 
uniformly distributed load. 
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For each given deflection i a load resistance value of Pi is obtained following the 
above procedure and as visualized in the flowchart of Figure IV.6. If the load 
resistance Pi+1 (i ≥ 1) is smaller than that of the previous step Pi, the calculation 
should stop and the ultimate load resistance is Pi. It is possible that the convergence 
of the iterative procedure cannot be guaranteed. In this situation, the value of the 
compressive force is taken as another indictor. Specifically, the load resistance 
iP  
corresponding to the maximum of the compressive force is taken as the load 
bearing capacity of the considered member. This is because the compressive force 
increases with the increase of deflection at early stage and will decrease at later 
stage and the maximum of the compressive force corresponds to the ultimate 
enhancement of the member’s resistance due to CMA. 
 
From trial calculations as well as experimental results (e.g. Orton et al. 2009) it is 
found that during the CMA stage the deflection is always less than 10% of the 
member’s length. Therefore, an iterative step of  is computed as 
max min( ) / n 
, in which max = 0.1l and n is e.g. taken as 100. Theoretically, the initial value of 
the deflection does not influence the predicted value but a better-chosen value of 
min will shorten the time of computation. As in the proposed model a yielding state 
for the considered sections is assumed, min could be taken as the yielding 
deflection (yield) of the specimen. In case of parametric studies, this value can be 
obtained using simulation techniques. 
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Figure IV.6: Flowchart of calculation procedure 
As mentioned before the neutral-axis depth at the beam end, and in a similar way 
at midspan, should be restricted to the range from x1min = (h + 0.5tf1)/(1 + fu / cu) 
to x1max = (h - as1)/(1 + y / cu)  to comply with the first four failure mode situations 
in Table IV.1. The lateral stiffness of the restraint boundary (Ka) is to be calculated 
based on geometrical parameters and material properties of the surrounding 
structural components (Park and Gamble 2000). If no such information can be 
obtained in case of a longitudinally restrained specimen, a relatively large stiffness, 
such as 1×106 kN/m can be selected to simulate a clamped boundary condition, or 
Input: geometrical and material 
properties, boundary condition 
Calculation 
x1  [x1min, x1max], x0  [x0min, x0max] 
   Set δmin = δyield, δmax = 0.1l,   [min, max]  
     Set i = min + (i  1 )(max  min)/100 
Solve Equations (IV.1) and (IV.4) to obtain 
restrained x0i  and x1i 
Obtain applied load Pi following Equation 
(IV.16) or (IV.17) 
Output: ultimate load bearing capacity 
 Pmax = Pi1 
Pi  Pi1(i ≥ 2) 
Yes 
i = i + 1 
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a relatively small stiffness, such as 1×102 kN/m can be selected to simulate a 
conservative condition of rather weak longitudinal restraints. 
 
It should be noted that the method proposed in this thesis is based on the idealized 
assumptions as aforementioned and enables the prediction of the behaviour of a 
flexural FRP strengthened member that can be simplified to the model in Figure 
IV.1. For other cases where the FRP strengthened member cannot be idealized to 
the model in Figure IV.1, a method similar to what is proposed in this thesis can 
also be developed. For example, in case the hinges do not form in a symmetrical 
way as indicated in Figure IV.1, each portion between the adjacent two hinges can 
be seen as rigid and can be simplified to be a plastic hinge configuration as shown 
in Figure IV.3, which also applies for cases where different span lengths exist in 
an actual structure and the CMA effect has to be quantified in case of the removal 
of the intermediate support. Once such changes are added to the corresponding 
equations, similar procedures can be developed. In the following, we focus on the 
fundamental case described in Figure IV.3. 
 
IV.3 Experimental verification 
Three kinds of previously investigated and reported laterally restrained concrete 
beams were investigated as examples to prove the effectiveness of the proposed 
method predicting the strength capacity of FRP strengthened RC beams with the 
consideration of CMA: a group of regular concrete beams, a concrete beam 
strengthened with FRP at the hogging zone and a concrete beam strengthened with 
FRP at both the hogging and the sagging zones. The configurations of adopted test 
specimens are given in Table IV.2 and verification results are given in Table IV.3. 
 
First, a group of regular concrete beams, specimens A1 - B3 (Su et al. 2009) and 
S1 - S8 (Yu and Tan 2013) reinforced with steel bars were selected. These 
specimens were designed to investigate the progressive collapse resistance of 
axially-restrained frame beams with the axial stiffness simulating surrounding 
restraints as 1 × 106 kN/m (A1 - B3), 1.06 × 106 kN/m (S1 – S2) and 4.29 × 106 
kN/m (S4 - S8). A point load was applied in the midspan during the test. 
Considering other inputs as shown in Table IV.2, the proposed method is used to 
calculate the ultimate capacity in the CMA stage. 
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Table IV.2: Database for experimental verification 
Test* 
b × h 
(mm) 
l 
(mm) 
r 
(-) 
fc 
(MPa) 
fy †(MPa) 
As0(Af0)** 
(mm2) 
As1(Af1) ** 
(mm2) 
A1 150×300 2700 0.45 24.55 350 226.2 226.2 
A2 150×300 2700 0.45 26.83 350 339.3 339.3 
A3 150×300 2700 0.45 29.64 340 461.8 461.8 
A4 150×300 2700 0.45 21.89 
350 
(340)† 
153.9 226.2 
A5 150×300 2700 0.45 25.16 350 226.2 339.3 
A6 150×300 2700 0.45 27.21 340 307.9 461.8 
B1 150×300 4200 0.47 17.63 340 461.8 461.8 
B2 150×300 5700 0.48 18.32 340 461.8 461.8 
B3 150×300 5700 0.48 20.06 340 461.8 307.9 
S1 150×250 5750 0.48 31.24 511 157.1 289.8 
S2 150×250 5750 0.48 31.24 511 157.1 235.6 
S3 150×250 5750 0.48 38.15 
494 
(511)† 
157.1 398.2 
S4 150×250 5750 0.48 38.15 494 265.5 398.2 
S5 150×250 5750 0.48 38.15 494 398.2 398.2 
S6 150×250 5750 0.48 38.15 
513 
(494)† 
265.5 603.2 
S7 150×250 4550 0.47 38.15 494 265.5 398.2 
S8 150×250 3350 0.46 38.15 494 265.5 398.2 
PM-1 152×305 7315 0.38 33.78 434 
142.0 
(180.6) 
329.0 
 
FR-1 152×305 7315 0.47 36.54 434 
142.0 
(283.8) 
329.0 
(516.1) 
* A1 - B3 from Su et al. (2009); S1 - S8 from Yu and Tan (2013); PM-1 and FR-1 
from Orton et al. (2009). 
** Value in brackets is the area of the applied FRP; no value indicates no FRP was 
applied. 
† Values in brackets indicate the yielding strength of bottom reinforcements. 
 
To clarify the calculation procedure, take the Specimen A1 (Su et al. 2009) as an 
example. This beam-column assembly consisted of two spans of 1225 mm with a 
section of 150 × 300 mm, a stub of width 250 mm at the center and two large stubs 
of width 400 mm at each end (r = 0.45). The stubs were designed to simulate the 
columns in a two-bay frame. Four longitudinal steel bars (diameter 12 mm) were 
placed in the specimen (two at the top and two at the bottom) and had a tested yield 
stress of 511 MPa and an elastic modulus of 185.87 GPa. The design strength and 
the tested elastic modulus of casted concrete were 24.6 MPa and 29.6 GPa, 
respectively. During testing, the specimen was fixed at each end and subjected to a 
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downward displacement controlled loading. Following the procedure as described 
in Figure IV.6, the initial deflection is the yielding deflection (15 mm based on the 
test) and the value of δmax is estimated as 270 mm, with an increment of each step 
of 2.6 mm. With the concrete cover of 20 mm and following steps in Figure IV.6, 
the predicted load is obtained as 181.8 kN with 8% overestimation compared with 
the test load of 168 kN. The predicted deflection corresponding to the peak load is 
39 mm which is smaller than the test value (48 mm) at peak load. This is probably 
due to the ignorance of the bond slip of steel bars in the prediction model. 
 
Table IV.3: Results of experimental verification 
Test* Pcalc. (kN) Ptest† (kN) Pcalc./Ptest 
Pfib bulletin 14 (2001) 
(kN) 
A1 181.8 168.00 1.08 75.48 
A2 214.37 221.00 0.97 103.05 
A3 253.38 246.00 1.03 135.76 
A4 154.35 147.00 1.05 56.66 
A5 188.10 198.00 0.95 83.68 
A6 223.74 226.00 0.99 113.28 
B1 131.25 125.00 1.05 83.55 
B2 92.85 82.90 1.12 60.58 
B3 79.93 74.70 1.07 50.63 
S1 44.97 41.64 1.08 33.08 
S2 40.68 38.38 1.06 29.02 
S3 58.28 54.47 1.07 40.89 
S4 65.75 63.22 1.04 47.76 
S5 74.55 70.33 1.06 56.61 
S6 76.66 70.33 1.09 61.97 
S7 85.30 82.82 1.03 61.09 
S8 129.83 121.34 1.07 84.74 
PM-1 98.7 73.50‡ 1.34 92.75 
FR-1 146.6 145.50 1.01 136.92 
† Ptest is the peak load considering CMA in the test. 
‡ An unexpected rebar rupture occurred in the test. 
 
Furthermore, two FRP strengthened specimens from (Orton et al. 2009) were 
considered. Specimen PM-1 was retrofitted with CFRP at the sagging area and FR-
1 was flexurally retrofitted with CFRP at both the sagging and hogging areas. 
During the test, three equally distributed point loads were applied. The elastic 
modulus and ultimate strain of the applied CFRP are 78.6 GPa and 1.32%, 
respectively. The steel reinforcement area is As0 = 142 mm2, A’s0= As1 = 329 mm2, 
and A’s1= 271 mm2. Then, the load resistances of beams PM-1 and FR-1 can be 
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obtained by executing the procedure shown in Figure IV.6. The corresponding load 
resistances excluding CMA based on fib bulletin 14 (2001) are also presented. The 
comparison of results shown in Table IV.3 indicates the feasibility of the proposed 
method. Note that during the experiment the midspan tensile steel bars of PM-1 
broke at the CMA stage, however, unfortunately no rupture strain of the rebar was 
monitored (Orton et al. 2009). It is believed that the unexpected rebar rupture 
causes a lower tested value than the theoretical value calculated by the model in 
this study. In the case of FR-1, the full use of both steel and FRP reinforcement is 
consistent with the experimental observations and the prediction is much more 
accurate. 
 
By comparing the test results of Specimen PM-1 and FR-1 with the predicted ones 
following fib bulletin 14 (2001), it is found that the CMA effect in these two FRP 
strengthened RC beams is not evident. The unexpected rebar rupture in PM-1 is 
attributed to the fact that the CMA effect was not fully activated. For FR-1 the 
specimen was too heavily strengthened with FRP, which has an adverse effect on 
the enhancement activation and will be discussed in more detail in Section IV.4.1. 
However, an increased capacity is to be expected for other geometrical 
configurations. 
 
IV.4 Parametric study 
Both FRP and CMA enhance the load-carrying capacity of laterally restrained 
concrete members. In the framework of this parametric study the following strength 
enhancement factors P are adopted (Equations (IV.18) and (IV.19)). Note that P 
is similar to the enhancement factor proposed in Su et al. (2009). 
 
P,FRP
0
FRPP
P
    (IV.18) 
 
P,FRP/CMA
0
totP
P
    (IV.19) 
where P,FRP and P,FRP/CMA are enhancement factors considering the FRP 
enhancement and considering the enhancement of both FRP and CMA, 
respectively; PFRP and Ptot are the peak resistance loads of a FRP strengthened RC 
beam obtained by the guideline (fib bulletin 14 2001) and by the proposed method 
(including CMA) of this chapter, respectively; and P0 is the peak resistance load 
without the consideration of CMA of a regular RC beam calculated by Eurocode 2 
(CEN 2004). The effect of CMA on the load bearing capacity of FRP strengthened 
members is quantified by the ratio difference between P,FRP and P,FRP/CMA. 
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In this parametric study, four categories of parameters are considered: properties 
of FRP reinforcement (reinforcement ratio, modulus and ultimate strain), 
properties of steel reinforcement (reinforcement ratio and yield stress / strain), 
properties of concrete (compressive strength, modulus and ultimate compressive 
strain) and geometric properties (span-to-depth ratio and lateral restraint).  All the 
parameters as well as their ranges are given in Table IV.4. The default values for 
the considered parameters are given in the last column in Table IV.4. For the 
purpose of this parametric study, a beam similar to the four-point loaded two-span 
specimen in (Vasseur et al. 2006) is adopted as the basic beam. Each span of this 
200 mm × 400 mm cross-section beam is 5 m and the ratio of the net span between 
hinges to the beam span is 0.20. C30/37 concrete is used in the specimen design. 
The initial steel reinforcement is As0 = A’s1= 540.1 mm2, A’s0= As1 = 480.4 mm2. The 
elastic modulus and the yield stress of the steel reinforcement are 200 GPa and 500 
MPa, respectively. The FRP is applied longitudinally along the beam at the tension 
zones and the elastic modulus and the ultimate strain of FRP are 190 GPa and 1%, 
respectively. The area of CFRP (AFRP) is 120 mm2. 
 
Table IV.4: Parameters in parametric study 
Category Parameter Range  default 
FRP 
property 
Reinforcement ratio, ρf (%) 0 ~ 0.150 0.150 
Young’s modulus,Ef (GPa) 80 ~ 300 190 
Ultimate tensile strain, εfu (%) 0.40 ~ 2.0 1.5 
Steel 
property 
Reinforcement ratio, ρs (%) 0.20 ~ 0.80 0.6 
Yield strain, εy (%) 0.15 ~ 0.28 0.25 
Concrete 
property 
Compressive strength, fc (MPa) 30 ~ 50 30 
Ultimate compressive strain, εcu (%) 0.28 ~ 0.35 0.35 
Geometric 
property 
Span-to-depth ratio, ln/h 2.5 ~ 12.5 5 
Lateral restraint, Ka (kN/m) 101 ~ 106 106 
 
IV.4.1 Effect of FRP reinforcement 
The presence of the FRP reinforcement is expected to cause a difference in the 
CMA between conventional RC members and FRP strengthened RC members. The 
advantage of the FRP reinforcement was first examined. For laterally restrained 
FRP strengthened RC beams, the vertical load resistances according to the 
guideline fib bulletin 14 (2001) without the consideration of CMA and the vertical 
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load resistances according to the proposed method in this study were calculated. 
The enhancement factors for these two conditions are shown in Figure IV.7a. In 
both cases (P,FRP, P,FRP/CMA) the load capacity increases with increasing FRP 
reinforcement ratio. For instance, the enhancement factor increases by 10% when 
the FRP reinforcement ratio (AFRP/bh) is 0.06% compared with the case that no FRP 
is applied. Interestingly, the percentage of P due to CMA, which is defined as the 
ratio of the difference between P,FRP and P,FRP/CMA to P,FRP, decreases with 
increasing FRP reinforcement, as shown in Figure IV.7b. This indicates that the 
CMA effect decreases with increasing FRP reinforcement ratio and hence with 
increasing strengthening ratios. 
 
 
              (a) Effect of FRP area                           (b) Percentage of P due to CMA 
  
      (c) Effect of elastic modulus of FRP           (d) Effect of failure strain of FRP 
Figure IV.7: Effect of FRP reinforcement 
 
In the case where the FRP reinforcement ratio is 0.15%, the load resistance of the 
specimen gets a 58% increase when FRP is applied according to fib bulletin 14 
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(2001), and the specimen obtains an extra 41% increase in load resistance if CMA 
is considered. Therefore, the consideration of CMA for FRP strengthened RC 
beams is favourable to structural design. In the context of Eurocode 0 (CEN 2002), 
the design format is related to characteristic values and corresponding partial 
factors for the properties of used materials. In Chapter VI, the partial factor with 
respect to the tensile strength of FRP reinforcement will be calibrated for design 
situations where CMA is taken into account. It should be noted that, for 
conservativeness purpose, the benefit of CMA might not be considered in normal 
design situations. However, the enhancement due to CMA can be significant in 
cases where structural robustness is assessed and the benefit of CMA should not be 
ignored. 
 
Furthermore, the effects of other FRP properties are considered. Results show that 
a larger elastic modulus of FRP (for a given fixed FRP reinforcement ratio of 
0.15%) would lead to a larger enhancement factor, as indicated in Figure IV.7c. In 
addition, the effect of the ultimate strain of FRP on the enhancement factor 
P,FRP/CMA is found to be negligible for the considered beam configuration, as 
shown in Figure IV.7d. The strain of FRP reinforcement under the consideration of 
CMA will be further elaborated in Section IV.5 
 
IV.4.2 Effect of steel reinforcement 
The effects of the top and bottom steel reinforcement ratio on the enhancement 
factors are examined separately. Figure IV.8a indicates that both the top and bottom 
steel reinforcement positively influence the development of the enhancement 
factors. Furthermore, results prove that a higher yield strain of steel reinforcement 
is helpful to obtain a higher vertical load resistance, as shown in Figure IV.8b. The 
latter aspect has been investigated by considering the steel Young’s modulus fixed 
at 200 GPa and the steel yield strength in the range from 300 MPa to 560 MPa. It 
is interesting to point out that the failure of the beam changed with increasing yield 
strain. More specifically, the failure changes from A1-A1 to A2-A1 when the yield 
strain increased from 0.22% to 0.24%, which explains the occurrence of the turning 
point in Figure IV.8b. 
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(a) Effect of the top (bottom) steel reinforcement ratio  (b) Effect of the yield strain 
Figure IV.8: Effect of steel reinforcement 
 
IV.4.3 Effect of concrete characteristics 
The effect of concrete is investigated, as shown in Figure IV.9. This figure indicates 
that, either the increase of concrete strength (30 MPa < fc ≤ 50 MPa) or the increase 
of the concrete ultimate strain (2.8‰ ≤ cu ≤ 3.5‰), is favourable to the increase 
of the enhancement factor. More specifically, the enhancement factor is linearly 
related to the concrete strength and the ultimate strain of concrete. This implies that 
the CMA effect should be much more significant in members casted by high 
performance concrete (higher strength and higher ultimate strain, e.g. high 
performance fibre reinforced concrete) than in members with more traditionally 
used concrete types. 
  
            (a) Effect of concrete strength             (b) Effect of ultimate strain of concrete 
Figure IV.9: Effect of concrete characteristics 
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IV.4.4 Effect of span-to-depth ratio and lateral restraint 
In addition, the influence of the span-to-depth ratio and lateral restraint is also 
examined. The enhancement factor decreases as the (effective) span to depth (ln/h) 
increases, as shown in Figure IV.10.  This interesting finding implies that the CMA 
effect is in general more favourable in beam systems than in slab systems. Given 
the high arching effect, CMA can also be incorporated into the design of deep 
beams as in in-plane bended masonry walls (McDowell et al. 1956), however, this 
is out of the scope of the present study. 
 
 
Figure IV.10: Effect of span to depth ratio 
 
With respect to the effect of lateral restraint, Su et al. (2009) pointed out that the 
effect of longitudinal restraint on CMA is negligible for conventional RC beams. 
However, as shown in Figure IV.11, it is found that in FRP strengthened RC beams, 
such conclusion does not apply. For the benchmark beam configuration considered 
in this study and varying the lateral restraint from 10 kN/m to 106 kN/m, it is 
observed that P,FRP/CMA starts to decrease significantly for lateral restraint values 
lower than 105 kN/m. In this specific case, the minimum restraint to activate CMA 
is about 7900 kN/m. Note that solutions to Equations (IV.1) and (IV.4) can also be 
found if the lateral restraint is smaller than 7900 kN/m, however, in that situation 
N becomes negative and the definition of CMA is no longer applicable. Based on 
these findings, the effect of the lateral restraints is given in Figure IV.11 for the 
range 7900 kN/m to 106 kN/m. It is concluded that CMA cannot be activated until 
the lateral restraint is as large as a certain value (minimum), after which the effect 
of CMA first increases and then keeps nearly constant. Overall the change in 
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enhancement factor remains limited between 1.96 and 2.025, which indicates that 
as long as CMA can be activated the influence of Ka is negligible. In this context, 
the conclusion here is similar to that in Yu and Tan (2013). 
 
Figure IV.11: Effect of longitudinal restraint 
IV.5 Failure modes governed by FRP failure 
As given in Section IV.2, the failure mode of a section of a FRP strengthened 
flexural member can be governed either by concrete crushing or by FRP failure 
(either rupture or debonding failure). The first four failure modes shown in Table 
IV.1, which are governed by concrete crushing, are already comprehensively 
investigated in Sections IV.2 to IV.4. The latter five failure modes (i.e. A1-B, A2-
B, B-A1, B-A2 and B-B), for which at least one of the critical sections (beam 
midspan and ends) fails due to FRP failure, are investigated in this section. 
 
In this case the outer fibre of the concrete in compression may not reach its ultimate 
compressive strain. This means that the assumption of an idealized equivalent 
rectangular stress block for compressive concrete needs to be adapted to consider 
the strain level c ≤ cu. More specifically, cu is replaced by c in Equations (IV.5) 
to (IV.7); f is replaced by fu in Equation (IV.7); and the parameters of the stress 
block (1 in Equation (IV.10)) should be changed, as further detailed in fib bulletin 
14 (2001).  
 
In case the FRP failure is governed by FRP debonding, it is believed that the FRP 
reinforcement functions very well before it elongates to its debonding strain. 
Therefore, for failure of critical sections governed by FRP debonding failure, all 
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the FRP strain at debonding. A value of 0.65% is adopted for f,eff in this study (fib 
bulletin 14 2001). 
 
To evaluate the load bearing capacity of the beam considered when the sectional 
failure is governed by FRP failure (rupture or debonding), the benchmark beam in 
Section IV.4 with changing FRP reinforcement ratio is considered.  
 
Three calculation schemes and related assumptions on governing failure modes are 
compared: 
− Case A (reference): the failure of all the critical sections involves tensile 
steel yielding followed by concrete crushing (governed by concrete 
crushing, possible FRP rupture, no FRP debonding); 
− Case B – debonding: at least one of the critical sections (beam midspan 
and ends) fails due to FRP debonding after the tensile steel has yielded 
(governed by FRP debonding, possible concrete crushing, no FRP 
rupture); and 
− Case B – rupture: at least one of the critical sections (beam midspan and 
ends) fails due to FRP rupture after the tensile steel has yielded (governed 
by FRP rupture, possible concrete crushing, no FRP debonding). 
 
A comparison is made as shown in Figure IV.12, with designations A, Bdeb, Brup 
corresponding to these cases, respectively. 
 
It can be concluded from Figure IV.12 that in general the load bearing capacity of 
the considered beam decreases when FRP failure occurs and with increasing FRP 
reinforcement ratio the difference becomes smaller and smaller. On one hand, in 
case of lower FRP reinforcement ratio, the occurrence of FRP failure leads to lower 
load bearing capacities compared to the case where the failure mode is governed 
by concrete crushing. More specifically, the load bearing capacity triggered by FRP 
rupture (debonding) is 9.6 percent (20.1 percent) lower than that by concrete 
crushing in case of a FRP reinforcement ratio of 0.03%. On the other hand, the 
beam failure is only governed by concrete crushing when the FRP reinforcement 
ratio is substantial enough and hence FRP rupture or debonding will never occur. 
In case of Figure IV.12, the required minimum FRP reinforcement ratio to avoid 
FRP rupture and FRP debonding are 0.15% and 0.375%, respectively. These 
minimum ratios are related to the properties of the member considered, including 
geometries, steel reinforcements as well as FRP properties. In particular, as shown 
in Figure IV.13 the minimum FRP reinforcement corresponding to the change of 
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Case B (rupture) into Case A drops with the increase of the ultimate strain of FRP. 
For example, with the same properties in Figure IV.12 except that fu increases by 
10 percent from 1% to 1.1%, the required minimum FRP reinforcement ratio drops 
by 50 percent from 0.15% to 0.10%. For the considered case, the beam failure due 
to FRP rupture is unlikely to occur when fu is larger than 1.3% because as little as 
0.05% for the FRP reinforcement ratio (corresponding to a FRP cross-sectional 
area of 40 mm2) will already lead to the occurrence of concrete crushing (instead 
of FRP rupture). Similarly, the minimum FRP reinforcement corresponding to the 
change of Case B (debonding) into Case A is shown in Figure IV.14. 
 
 
Figure IV.12: Comparison between failure modes 
 
 
Figure IV.13: Minimum FRP reinforcement ratio (FRP rupture) 
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Figure IV.14: Minimum FRP reinforcement ratio (FRP debonding) 
 
IV.6 Summary 
− A design-oriented model incorporating CMA for FRP strengthened RC 
beams is proposed and validated by reported test data, followed by a 
parametric study in this chapter. The proposed model is developed by 
extending Park and Gamble’s model for conventional RC beams to FRP 
strengthened RC beams. A parametric study is conducted by defining an 
enhancement factor to quantify the effect of CMA as a function of 
properties of FRP reinforcement, steel reinforcement, concrete, and 
geometric properties. 
 
− For a laterally restrained RC beam strengthened with FRP at both hogging 
and sagging zones, the failure mode of the beam relates to the combination 
of the failure modes of the corresponding critical sections. Considering 
whether or not the compressive steel has yielded before beam failure, the 
failure mode of the beam consists of four different cases if concrete 
crushing before FRP failure is assumed and of five more different cases if 
FRP failure is considered. 
 
− For cases of failure modes owing to concrete crushing, this chapter first 
confirms the positive influence of CMA in the structural design of FRP 
strengthened RC beams. In case of the study in this chapter, as high as 
41% increase of the vertical load capacity may be obtained when CMA is 
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considered. Due to this favourable property in improving the load bearing 
capacity of FRP strengthened beam systems, it is recommended that in the 
design process such beneficial effect of CMA can be incorporated during 
the verification of ultimate limit state to realize a more optimized design, 
which will be further illustrated in Chapter VI. This requires however that 
a minimum value of lateral restraint (7900 kN/m in the case of this study) 
can be relied on. The parametric study indicates that the enhancement 
factor which is used to measure the beneficial effect of CMA on FRP 
strengthened RC beams, increases with the increase of FRP area and its 
elastic modulus. The enhancement factor also increases with increasing 
steel reinforcement ratio, compressive strength and ultimate strain of 
concrete, but decreases with increasing span to depth ratio. The CMA 
effect increases rapidly with increasing restraint beyond the required 
minimum restraint and remains nearly constant afterwards. 
 
− For cases of failure modes owing to FRP failure (either FRP rupture or 
debonding), the study shows that in the CMA stage, the load bearing 
capacity in general decreases. An interesting finding is that the required 
minimum FRP reinforcement to avoid FRP rupture drops as the ultimate 
FRP strain increases. In most situations the applied FRP will be more than 
the required minimum FRP reinforcement and hence FRP rupture is 
avoided, so that it is believed the unfavourable effect of FRP rupture on 
the load bearing capacity in CMA stage is unlikely to govern. Given that 
the FRP debonding failure is unfavourable and shows high uncertainty, it 
is recommended that such failure should be prevented in the case of the 
cooperation of CMA into the design process. Effective FRP anchorage 
solutions such as U-shaped FRP wraps can be adopted (Wu et al. 2013).
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V.1 Introduction 
During the last decades FRP composites have been intensively used in civil 
construction especially in repair and retrofitting of existing structures. As shown in 
Chapter II, research efforts have generally been given to the understanding of FRP 
behaviour and modelling the interaction between FRP and the existing structures. 
As known, FRP properties, in particular the tensile strength of FRP composites, 
have a significant influence on structural safety. Thus it is vital to probabilistically 
quantify the variability of the tensile strength of FRP composites. However, unlike 
concrete or steel, much of the early work on FRP composites in the context of civil 
engineering has been conducted in a deterministic manner as FRP is a relatively 
new material in the area of civil infrastructure. Several probabilistic studies 
reported in the literature present empirical random variable models based on 
experimental evidence and engineering judgement. Widely used probabilistic 
distributions e.g. Normal (N), Lognormal (LN) and Weibull (W) distributions have 
been proposed for various properties of FRP composites. Generally in these studies 
a set of nominally identical experiments were conducted using relevant ASTM 
standards or guidelines (e.g. The Composite Materials Handbook MIL-HDBK-17-
1F (2002)) and then distribution selection was carried out using hypothesis testing 
methods such as Chi-square, Kolmogorov-Smirnov or Anderson-Darling tests (e.g. 
Atadero et al. 2005, Zureick et al. 2006) These probabilistic studies on the 
mechanical properties of FRP composites are given below. For design purposes 
and for structural reliability analysis, the longitudinal characteristics (in particular 
the longitudinal tensile strength) of unidirectional FRP are of the highest 
importance. Therefore, the attention is mainly paid to the longitudinal tensile 
strength of FRP composites. The models presented in this chapter form a basis for 
the analytical and computational calculations in chapters VI and VIII. 
 
Work on statistical analysis of the mechanical properties of composite materials 
was done by Barbero et al. (2000). This work presented useful formulae to describe 
the behaviour of the Weibull estimators and proposed expressions of the A-basis 
and B-basis material properties which can be used for design purposes. In the work 
of Alqam et al. (2002), the two-parameter and three-parameter Weibull 
distributions were compared to model the strength and stiffness properties of 
pultruded carbon FRP composites from 26 mechanical property data sets. The 
modified moment method and maximum likelihood method were used to estimate 
the Weibull parameters and the Anderson-darling statistic (Stephen 1974) was used 
to test the goodness-of-fit. It was found that in general the three-parameter Weibull 
distribution is slightly better than the two-parameter Weibull distribution in 
 88 Chapter V 88  
 
modelling the strength and stiffness properties of FRP composites. However, as the 
difference in the distribution fitting between these two distributions is marginal and 
for the sake of conservativeness (the design value obtained from the two-parameter 
Weibull distribution is averagely 5% lower than that from the three-parameter 
Weibull distribution), the authors recommended the two-parameter Weibull 
distribution to model the strength and stiffness properties (including longitudinal 
tensile / compressive, transverse compressive and shear properties) of FRP 
composites considering the fact that the two-parameter Weibull distribution 
provides a reasonable fit. Based on this work and with the same data sets, Zureick 
et al. (2006) performed a study on statistical characterization of FRP composite 
properties for structural design. Normal, Lognormal and (two-parameter, if not 
specified otherwise) Weibull distributions were chosen to fit the data sets. It was 
concluded that the Weibull distribution is not significantly better based on the data 
sets, but was still recommended as it has been the most commonly used distribution 
for composite materials for its intrinsic weakest link hypothesis of failure and it 
provides higher safety margins with respect to design values compared to either the 
Normal or the Lognormal distributions. 
 
Later the variability of field-manufactured carbon panels for bridge deck 
rehabilitations was investigated by Atadero et al. (2005). The Normal, Lognormal, 
Weibull and Gamma distributions were adopted to fit the data sets of tensile 
strength, Young’s modulus and thickness with a Chi-square test statistic as the 
indicator of goodness-of-fit. Observations showed that the Weibull distribution was 
the best descriptor for tensile strength and the Lognormal distribution was the best 
for Young’s modulus. More recently, Gomes et al. (2013) performed a probabilistic 
assessment of 1368 tensile tests of carbon FRP specimens. These specimens were 
pre-cured and produced under same conditions and by the same manufacturer. A 
statistical analysis with regard to tensile strength, Young’s modulus and ultimate 
strain of the tested CFRP laminates was conducted using the Normal and the 
Weibull distributions. It is concluded that the Weibull distribution can be used to 
model tensile strength, Young’s modulus and the ultimate strain for the lower 20th 
percentile of the sample. In addition, Gohil and Shaikh (2013) reported the results 
of the tensile tests of samples of glass fiber and glass-polyester composite. Naresh 
et al. (2017) also presented the experimental results of carbon-, glass- and hybrid 
FRP composites with respect to tensile strength under different conditions of strain 
rates. In the work of Gohil and Shaikh (2013), and Naresh et al. (2017), the Weibull 
distribution was used to model the tensile strength of FRP composites. 
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Given the fact that the Weibull distribution arises from a weakest link hypothesis 
of failure (Ditlevsen 1981), the Weibull distribution is theoretically justified to 
model the tensile strength of FRP composites. As in the aforementioned studies, 
the Weibull distribution was indeed adopted to fit tested data sets and found to be 
appropriated in many cases. However, the best fitted distribution type for the tensile 
strength of FRP composites is still not convincing from the perspective of 
experimental justification. This is because the data sets used for experimental 
justification is rather limited. For example, in the work of Zureick et al. (2006), 5 
data sets with respect to tensile strength were used. On the one hand, neither the 
Normal or the Lognormal distributions can be rejected for any of the 5 data sets; 
on the other hand, the Weibull distribution is rejected in 2 of 5 sets. In this situation, 
it is not at all convincing that the Weibull distribution should be adopted for the 
tensile strength of FRP composites. In Atadero et al. (2005), the fact that only 3 
data sets were used might counteract the conclusion that the Weibull distribution is 
the best for tensile strength. 
 
In this chapter, a statistical analysis with respect to tensile strength of FRP 
composites is conducted. A relative large experimental database which is obtained 
from published literature is set up first and the Normal, Lognormal and Weibull 
distributions were fitted to the data. Based on the fitting results, a probabilistic 
model of the tensile strength of FRP composites in order to be used for structural 
reliability calculations is proposed. 
 
V.2 Statistical characterization of the tensile strength 
of FRP composites 
According to The Composite Materials Handbook-MIL-HDBK-17-1F (2002), the 
Weibull distribution is examined first and, if not rejected by a statistical hypothesis 
test, chosen as the distribution for FRP composites. More specifically, the two-
parameter rather than the three-parameter Weibull distribution is selected for the 
first examination. This is due to the observation that the third parameter (location) 
does not improve the characterization results and the two-parameter Weibull gives 
reasonable results with good computational efficiency (Alqam et al. 2002). As 
mentioned in Section V.1, the experimental justification for the Weibull 
distribution however needs further investigation. In order to be consistent with 
other studies (e.g. Zureick et al. 2006), three specific distributions, i.e. the Normal, 
Lognormal and Weibull distributions were used herein. They represent common 
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distribution types used in reliability analysis. The probability density function for 
each is given in Equations (V.1) - (V.3). 
Normal: 
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  (V.1) 
where 𝜇, 𝜎 are the mean and standard deviation, respectively. 
 
Lognormal: 
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  (V.2) 
where 𝜇 , 𝜎  are respectively the mean and the standard deviation of the natural 
logarithms of the variable X. 
 
Weibull 
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where ,  are the shape parameter and the scale parameter, respectively. 
 
V.2.1 Experimental database 
FRP composites constitute of fibers and resin. The tensile strength of FRP 
composites cannot be easily described and is dependent on many factors. On the 
one hand, the tensile strength of FRP composites is affected by the type of the 
reinforced fiber (e.g. carbon, glass, aramid, basalt or natural fibers, or a mixture of 
different kinds of fibers), the fiber form (e.g. continuous or chopped), the fiber 
orientation (i.e. unidirectional, bidirectional or multidirectional), the type of resin 
(i.e. thermoset and thermoplastic), the manufacturing technology (e.g. pultrusion, 
filament-winding, autoclave or wet layup processes) and curing conditions; on the 
other hand, the observed / tested tensile strength of FRP composites is also 
influenced by the test methods (e.g. tensile test or bending test) and loading rates 
(e.g. quasi-static or dynamic loadings). Therefore, to characterize the tensile 
strength of FRP composites from experimental database it is necessary to limit the 
scope of the test results involved. As known, in the application in structural 
engineering (strengthening, retrofitting and rehabilitation) FRP composite is 
usually considered as a perfectly tensile brittle material. This means that, no matter 
how it is manufactured and cured, the so-called FRP composite in such contexts is 
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molded with axial continuous fibers ([0°] orientated) and is deemed to be loaded 
along the fiber orientation. The simplest case is the use of unidirectional FRP 
composites. The used resin and fibers orientated in other directions (e.g. [90°] 
and/or [45°] orientated fibers in cases of bidirectional and/or multidirectional 
composites) is taken as a support for the axial fibers and the strength of them is 
ignored in structural analysis. 
 
Consequently, in this work results from tensile tests of FRP composites with 
loading along the axial fiber orientation can be adopted. The tested composites 
could be in the forms of micro-composites, sheets, laminates, plates and coupons 
from pultruded thick products such as bridge decks. Note that results from tensile 
tests of a single fiber or fiber bundle / tow are inappropriate for the reason that resin 
is used in most practical applications and that the absence of resin does not make a 
single fiber or fiber bundle / tow a composite. The resin type is ignored and only 
carbon and glass fibers are considered as they are the most frequently used. With 
respect to the test methods, the quasi-static tests according to test standards such as 
ASTM D3039 (2008) and ISO 527 (1997) are basic options. The dynamic or impact 
tests are also selected because, as indicated in Ou and Zhu (2015), the tensile 
strength of FRP composites under dynamic loading could also be modelled via the 
distributions adopted in the referred work although the strength deviates from that 
under quasi-static loading. 
 
For the purpose of a set-up of a relevant large experimental database, the tensile 
tests of FRP composites from published literature (mainly from journal articles) 
from the last decades were collected. A total of 80 data sets (1369 samples) are 
summarized in Table V.1 in which the specimen size (thickness tf, width bf and 
length lf), test speed, followed standard and references are listed. The database 
consists of 47 data sets (534 samples) of glass fiber reinforced composites (GFRP) 
and 33 data sets (835 samples) of carbon fiber reinforced composites (CFRP). For 
example, the histogram as well as probability distributions fitted by the Normal, 
Lognormal and Weibull distributions with respect to datasets 79 and 80 are shown 
in Figure V.1. Note that different production techniques may result in different 
variations. For an overview of common production techniques reference is made 
to e.g. a JRC report (Ascione et al. 2016). It is an option to examine the datasets 
from different production techniques separately to distinguish the variations 
according to different production techniques. Nevertheless, in this chapter the 
entire database is used to investigate the most appropriate stochastic model, and 
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hence inherently includes the variations according to different production 
techniques. 
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Table V.1: Summary of experimental database 
Set 
No. 
Set 
size 
Material 
Specimen size (mm) 
Test speed Standard Reference 
tf bf lf 
1 7 Glass/epoxy laminate 1.5 12.7 25.4 n.a. n.a. Rosen 1964 
2 5 Glass/epoxy laminate 1.5 12.7 25.4 n.a. n.a. Zweben 1968 
3 6 Glass/epoxy laminate 1.5 12.7 25.4 n.a. n.a. Zweben 1968 
4 13 Carbon/epoxy laminate n.a. n.a. n.a. n.a. n.a. Bullock 1974 
5 36 Carbon/epoxy tow n.a. n.a. n.a. n.a. n.a. Bullock 1974 
6 29 Glass/epoxy prepeg n.a. 25.4 203 n.a. n.a. Sun and Yamada 1978 
7 25 Carbon/epoxy panel coupon n.a. 12.7 229 n.a. D3039 Whitney and Knight 1980 
8 20 Carbon/epoxy panel coupon n.a. 12.7 229 n.a. D3039 Whitney and Knight 1980 
9 36 Carbon/epoxy panel coupon n.a. 12.7 229 n.a. D3039 Whitney and Knight 1980 
10 22 Carbon/epoxy laminate coupon 2.0 15 190 n.a. n.a. Radhakrishnan 1984 
11 49 S2-Glass/epoxy n.a. n.a. n.a. n.a. n.a. Deodatis and Shinozuka 1989 
12 30 Carbon/epoxy laminate n.a. 38 300 n.a. n.a. Shimokawa et al. 1990 
13 8 Carbon/epoxy microlaminate n.a. n.a. n.a. 1.2 s-1 n.a. Beyerlein and Phoenix 1996 
14 31 Carbon/epoxy microlaminate n.a. n.a. n.a. n.a. n.a. Beyerlein and Phoenix 1996 
15 21 Carbon/epoxy microlaminate n.a. n.a. n.a. n.a. n.a. Beyerlein and Phoenix 1996 
16 48 Carbon/epoxy microlaminate n.a. n.a. n.a. n.a. n.a. Beyerlein and Phoenix 1996 
17 24 Carbon/epoxy microlaminate n.a. n.a. n.a. n.a. n.a. Beyerlein and Phoenix 1996 
18 30 Carbon/epoxy microlaminate n.a. n.a. n.a. n.a. n.a. Beyerlein and Phoenix 1996 
19 5 Carbon/epoxy prepeg 2.2 25.5 219 0.00047 s-1 D3039 Lavoie 1997 
20 6 Carbon/epoxy prepeg 3.4 35.2 324 0.00047 s-1 D3039 Lavoie 1997 
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Table V.1: Summary of experimental database (continued) 
Set 
No. 
Set 
size 
Material 
Specimen size (mm) 
Test speed Standard Reference 
tf bf lf 
21 7 Carbon/epoxy prepeg 1.1 12.7 108 0.00047 s-1 D3039 Lavoie 1997 
22 7 Carbon/epoxy prepeg 2.2 25.5 219 0.00047 s-1 D3039 Lavoie 1997 
23 6 Carbon/epoxy prepeg 3.4 38.2 324 0.00047 s-1 D3039 Lavoie 1997 
24 7 Carbon/epoxy prepeg 4.5 50.9 431 0.00047 s-1 D3039 Lavoie 1997 
25 7 Carbon/epoxy prepeg 1.1 12.7 108 0.00047 s-1 D3039 Lavoie 1997 
26 7 Carbon/epoxy prepeg 2.2 25.5 219 0.00047 s-1 D3039 Lavoie 1997 
27 7 Carbon/epoxy prepeg 3.4 38.2 324 0.00047 s-1 D3039 Lavoie 1997 
28 7 Carbon/epoxy prepeg 4.5 50.9 431 0.00047 s-1 D3039 Lavoie 1997 
29 8 E-Glass/epoxy laminate 1.6 100 250 3 mm/min n.a. Cattell and Kibble 2001 
30 14 E-Glass/epoxy laminate 1.0 100 250 3 mm/min n.a. Cattell and Kibble 2001 
31 20 Carbon/epoxy laminate 8.0 10 60 2.64 mm/min D3039 Ochola 2004 
32 20 Glass/epoxy laminate 8.0 10 60 2.64 mm/min D3039 Ochola 2004 
33 19 Carbon/epoxy sheet 0.89 15 206 1.33 mm/min D3039 Birgoren and Dirikolu 2004 
34 30 E-Glass/vinylester coupon 6.4 25.4 330 2.5 mm/min D3039 Zureick et al. 2006 
35 30 E-Glass/vinylester coupon 9.6 25.4 330 2.5 mm/min D3039 Zureick et al. 2006 
36 24 E-Glass/vinylester coupon 6.4 25.4 330 2.5 mm/min D3039 Zureick et al. 2006 
37 24 E-Glass/vinylester coupon 6.4 25.4 330 2.5 mm/min D3039 Zureick et al. 2006 
38 30 E-Glass/vinylester coupon n.a. n.a. n.a. n.a. n.a. Zureick et al. 2006 
39 5 Glass/epoxy laminate 1.0 12.7 82.7 0.0017 s-1 n.a. Shokrieh and Omidi 2009 
40 5 Glass/epoxy laminate 1.0 12.7 82.7 0.55 s-1 n.a. Shokrieh and Omidi 2009 
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Table V.1: Summary of experimental database (continued) 
Set 
No. 
Set 
size 
Material 
Specimen size (mm) 
Test speed Standard Reference 
tf bf lf 
41 5 Glass/epoxy laminate 1.0 12.7 82.7 5.6 s-1 n.a. Shokrieh and Omidi 2009 
42 5 Glass/epoxy laminate 1.0 12.7 83.7 46 s-1 n.a. Shokrieh and Omidi 2009 
43 5 Glass/epoxy laminate 1.0 12.7 82.7 85 s-1 n.a. Shokrieh and Omidi 2009 
44 30 Carbon/epoxy plate 1.0 5.0 120 0.5 mm/min n.a. Okabe et al. 2010 
45 20 Carbon/epoxy laminate 2.0 25 230 2 mm/min GB/T3354 Wang and Yang 2010 
46 20 Carbon/epoxy laminate 2.0 15 175 2 mm/min D3039 Du et al. 2012 
47 7 Glass/polyester panel coupon 1.0 15 250 2 mm/min D3039 Gohil and Shaikh 2013 
48 6 E-Glass/epoxy 1.2 15 250 1 mm/min ISO 527 Makarov et al. 2015 
49 5 E-Glass/epoxy 1.2 15 250 3.8 s-1 n.a. Makarov et al. 2015 
50 5 E-Glass/epoxy 1.2 15 250 22.65 s-1 n.a. Makarov et al. 2015 
51 5 E-Glass/epoxy 1.2 15 250 32.34 s-1 n.a. Makarov et al. 2015 
52 5 E-Glass/epoxy 1.2 15 250 39.85 s-1 n.a. Makarov et al. 2015 
53 5 E-Glass/epoxy 1.2 15 250 40.89 s-1 n.a. Makarov et al. 2015 
54 60 Carbon/epoxy panel coupon 0.8 12.5 330 2 mm/min D3039 Sasikumar et al. 2015 
55 8 Glass/epoxy laminate 0.6 2.64 105 1/600 s-1 n.a. Ou and Zhu 2015 
56 9 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
57 9 Glass/epoxy laminate 0.6 2.64 105 80 s-1 n.a. Ou and Zhu 2015 
58 9 Glass/epoxy laminate 0.6 2.64 105 120 s-1 n.a. Ou and Zhu 2015 
59 9 Glass/epoxy laminate 0.6 2.64 105 160 s-1 n.a. Ou and Zhu 2015 
60 8 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
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Table V.1: Summary of experimental database (continued) 
Set 
No. 
Set 
size 
Material 
Specimen size (mm) 
Test speed Standard Reference 
tf bf lf 
61 10 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
62 9 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
63 8 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
64 10 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
65 9 Glass/epoxy laminate 0.6 2.64 105 40 s-1 n.a. Ou and Zhu 2015 
66 10 Glass/epoxy laminate 0.52 22 105 1/600 s-1 n.a. Ou et al. 2016 
67 10 Glass/epoxy laminate 0.52 22 105 25 s-1 n.a. Ou et al. 2016 
68 9 Glass/epoxy laminate 0.52 22 105 50 s-1 n.a. Ou et al. 2016 
69 9 Glass/epoxy laminate 0.52 22 105 100 s-1 n.a. Ou et al. 2016 
70 9 Glass/epoxy laminate 0.52 22 105 200 s-1 n.a. Ou et al. 2016 
71 8 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
72 8 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
73 10 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
74 8 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
75 8 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
76 8 Glass/epoxy laminate 0.52 22 105 40 s-1 n.a. Ou et al. 2016 
77 78 Carbon/Polyamide6 laminate 1.0 25 250 1 mm/min JISK7165 Ma et al. 2016 
78 52 Carbon/epoxy laminate 1.0 25 250 1 mm/min JISK7165 Ma et al. 2016 
79 59 Carbon/Polyamide6 laminate 1.0 15 250 1 mm/min D3039 Ma et al. 2017 
80 67 Carbon/epoxy laminate 1.0 15 250 1 mm/min D3039 Ma et al. 2017 
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(a) Data set 79 
 
(b) Data set 80 
Figure V.1: Histograms and fitted probability distributions of datasets. (a) data set 
79 and (b) data set 80. 
V.2.2 Maximum likelihood method 
The parameters of each of the distribution functions are estimated from 
observations. The methods usually adopted for parameter estimation are: 
- The linear regression method. 
- The moment method. 
- The maximum likelihood method. 
 
Among these methods, the linear regression method is often used in cases a linear 
relationship can be found. The moment method or its modified form is based on 
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equating sample moments to the corresponding distribution moments. The 
maximum likelihood method is determining the parameters such a way that they 
maximize the probability (likelihood) of the sample data. Although each of the 
methods could be used to determine the parameters of any of the mentioned 
distributions, the maximum likelihood method is chosen herein as it is generally 
used for the two-parameter Weibull distribution (Alqam et al. 2002). The maximum 
likelihood estimators (MLEs, i.e. ?̂? , ?̂?  for Normal and Lognormal; ?̂? , ?̂?  for 
Weibull) for each of the distributions can be obtained from Equations (V.4) - (V.6) 
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Lognormal: 
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Weibull: 
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The estimators of the Weibull distribution cannot be obtained directly but can be 
obtained by root-finding techniques such as the Newton-Raphson method. 
 
V.2.3 Goodness-of-fit 
Various methods exist for determining the goodness of fit of different probability 
distributions to a set of data. For different experimental data sets, the probability 
distributions are generally similar in the central regions but differ vastly in the tail 
regions. As the structural safety problem is very sensitive to the tail regions of the 
distributions involved, the indicator of goodness-of-fit is favoured to reveal the 
(lower) tail regions of the used data sets. Therefore, the Anderson-Darling statistic 
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is adopted to test the data. The weight function used in this test statistic has the 
effect of giving great importance to observations in the tail regions. In other words, 
this test statistic is sensitive to discrepancies in the tail regions (Stephens 1974). 
 
The Anderson-Darling statistic is defined as 
       2 1
1
1
1 2 ln ( ) ln 1 ( )
n
i n i
i
A i F x F x n
n
   

         (V.7) 
where n is the sample size; xi is the ith ascending ordered sample point of the 
sample; and ( )F x  is the cumulative distribution function (CDF) with parameters 
in the vector 𝜃. For distributions with unknown parameters, the testing goodness-
of-fit is based on the CDF with the estimated parameters i.e. 
ˆ ( )F x
 in terms of the 
Benard median rank formula, which is given by 
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Further, the Anderson-Darling statistic is modified as Equation (V.9) for the 
Normal and Lognormal distribution, and as Equation (V.10) for the Weibull 
distribution. 
Normal/Lognormal: 
2
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 (V.9) 
Weibull: 2
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Then the modified statistic is compared with the critical value at a given 
significance level. Another way is to follow the Anderson-Darling statistic based 
measures, such as the observed significance level (OSL) recommended in MLF-
HDBK-17-1F (2002), which is a measure of the goodness-of-fit of a distribution 
considered, as defined as in Equation (V.11) for the Normal and Lognormal 
distributions, and in Equation (V.12) for the Weibull distribution. 
Normal/Lognormal    
1
1 exp[ 0.48 0.78ln 4.58 ]
OSL
AD AD

   
  (V.11) 
Weibull:            
1
1 exp[ 0.10 1.24ln 4.48 ]
OSL
AD AD

   
  (V.12) 
 
The OSL is the probability of obtaining a value of the test statistic, at least as 
extreme as that obtained from the data if the null hypothesis that the data are 
actually sampled from the distribution being test is true. The widely used 
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significance level is 5%, therefore the null hypothesis is rejected if the obtained 
OSL value is less than 0.05. 
 
V.2.4 Results and discussion 
With the experimental database the OSL values for all data sets are evaluated with 
the results shown in Table V.2. Those OSL values lower than the selected 
significance level i.e. 0.05, for which the null hypothesis is rejected, are underlined. 
 
Regardless of the reinforced fiber type, each data set shows relatively small 
variations. The coefficients of variation (c.o.v) of all sets have a range from 0.003 
to 0.189 and the average c.o.v. is 0.07. It is shown that, out of 80 data sets, the 
Normal distribution is rejected by 7 sets; the Lognormal distribution is rejected by 
5 sets and the Weibull distribution is rejected by 8 sets. For each distribution, the 
average and c.o.v of the OSL values are comparably the same, with values of about 
0.400 and 0.220, respectively. When the reinforced fiber type is considered 
separately, it is found that the three distributions are rejected respectively for 1, 1, 
and 3 of 47 GFRP data sets; and that the Normal, Lognormal and Weibull 
distributions are respectively rejected for 4, 6 and 5 of 33 CFRP data sets. The 
average and variation of OSL values for each distribution with respect to GFRP or 
CFRP are also comparable. Unlike to the observations in Zureick et al. (2006) 
where the Weibull distribution was rejected in 3 out 12 sets and neither the Normal 
nor Lognormal distributions can be rejected for any of the 12 sets, the observations 
herein show that for some sets (e.g. Sets 31 and 44) the Weibull distribution cannot 
be rejected but both the Normal and Lognormal distributions are rejected. 
 
Therefore it can be concluded that, from the perspective of experimental 
justification, three distribution can be used to model the tensile strength of FRP 
composites as they are all accepted on the basis of goodness-of-fit tests on the basis 
of the selected set of tests. However, the Weibull distribution is proposed here due 
to the following reasons: 
− It has been the most commonly used distribution for composites and is the 
preferred distribution in guidelines (e.g. MIL-HDBK-17-1F (2002)) and 
by many researchers (e.g. Plevris et al. 1995) in reliability analysis. 
− Regarding those data sets for which the three distributions are accepted, 
the calculated values at a fixed percentile that are commonly 
recommended by codes or guidelines (e.g. EN 1990 (2002) and fib bulletin 
14 (2001)) for use of structural design are always lower for the Weibull 
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distribution in comparison to either the Normal or the Lognormal 
distribution, as further shown in Table V.3. Hence, the selection of the 
Weibull distribution for the tensile strength of FRP composites leads to a 
conservative design. 
− The Weibull distribution arises from the weakest link hypothesis of failure 
and has a theoretical justification to model the tensile strength of FRP 
composites (Sriramula et al. 2009). 
 
With respect to the second reason, an example will help to illustrate this. Consider 
Set 10 for instance, the OSL values of three distributions are fairly identical i.e. 
0.190, 0.206 and 0.199 and the hypothesis cannot be rejected for any of these 
distributions. The 5-percentile lower bounds corresponding to the Normal, 
Lognormal and Weibull distribution are 0.762, 0.778 and 0.727 times the sample 
mean, respectively. 
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Table V.2: Statistics of data sets and OSL for Normal, Lognormal and Weibull 
distributions. Values of OSL < 0.05, for which the null hypothesis is rejected, are 
underlined. Note that experimental data displayed were digitized from the graphs 
of the respective references, and a small systematic error could be present. 
Data set 
 No. 
Sample 
size 
Fiber type c.o.v 
OSL 
N LN W 
1 7 Glass 0.048 0.466 0.487 0.243 
2 5 Glass 0.050 0.400 0.411 0.177 
3 6 Glass 0.058 0.503 0.474 0.596 
4 13 Carbon 0.045 0.254 0.319 0.049 
5 36 Carbon 0.040 0.195 0.252 0.017 
6 29 Glass 0.057 0.699 0.622 0.589 
7 25 Carbon 0.070 0.176 0.081 0.724 
8 20 Carbon 0.060 0.136 0.079 0.681 
9 36 Carbon 0.094 0.155 0.028 0.557 
10 22 Carbon 0.148 0.190 0.206 0.199 
11 49 Glass 0.100 0.338 0.152 0.333 
12 30 Carbon 0.055 0.596 0.527 0.522 
13 8 Carbon 0.100 0.747 0.708 0.811 
14 31 Carbon 0.111 0.583 0.570 0.144 
15 21 Carbon 0.104 0.469 0.317 0.793 
16 48 Carbon 0.157 0.654 0.495 0.221 
17 24 Carbon 0.090 0.353 0.200 0.801 
18 30 Carbon 0.094 0.500 0.571 0.153 
19 5 Carbon 0.112 0.669 0.688 0.474 
20 6 Carbon 0.091 0.508 0.473 0.593 
21 7 Carbon 0.129 0.617 0.702 0.494 
22 7 Carbon 0.073 0.352 0.299 0.573 
23 6 Carbon 0.052 0.694 0.665 0.773 
24 7 Carbon 0.030 0.413 0.427 0.286 
25 7 Carbon 0.041 0.552 0.569 0.458 
26 7 Carbon 0.026 0.356 0.328 0.695 
27 7 Carbon 0.061 0.584 0.568 0.618 
28 7 Carbon 0.050 0.448 0.410 0.667 
29 8 Glass 0.037 0.558 0.527 0.772 
30 14 Glass 0.045 0.524 0.501 0.540 
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Table V.2: Statistics of data sets and OSL for Normal, Lognormal and Weibull 
distributions. Values of OSL < 0.05, for which the null hypothesis is rejected, are 
underlined. (continued) 
Data set 
 No. 
Sample 
size 
Fiber type c.o.v 
OSL 
N LN W 
31 20 Carbon 0.068 0.025 0.009 0.278 
32 20 Glass 0.039 0.140 0.138 0.113 
33 19 Carbon 0.064 0.181 0.129 0.536 
34 30 Glass 0.074 0.113 0.195 0.009 
35 30 Glass 0.130 0.198 0.120 0.302 
36 24 Glass 0.102 0.142 0.147 0.136 
37 24 Glass 0.077 0.142 0.260 0.008 
38 30 Glass 0.069 0.757 0.684 0.699 
39 5 Glass 0.003 0.400 0.399 0.329 
40 5 Glass 0.008 0.795 0.796 0.610 
41 5 Glass 0.010 0.511 0.513 0.317 
42 5 Glass 0.026 0.717 0.716 0.594 
43 5 Glass 0.008 0.550 0.551 0.347 
44 30 Carbon 0.043 0.049 0.040 0.115 
45 20 Carbon 0.047 0.122 0.188 0.006 
46 20 Carbon 0.047 0.021 0.020 0.021 
47 7 Glass 0.025 0.525 0.544 0.307 
48 6 Glass 0.037 0.177 0.167 0.203 
49 5 Glass 0.048 0.697 0.685 0.663 
50 5 Glass 0.026 0.619 0.632 0.288 
51 5 Glass 0.052 0.055 0.050 0.014 
52 5 Glass 0.051 0.783 0.790 0.638 
53 5 Glass 0.056 0.734 0.726 0.635 
54 60 Carbon 0.058 0.615 0.562 0.272 
55 8 Glass 0.080 0.211 0.213 0.210 
56 9 Glass 0.099 0.445 0.373 0.658 
57 9 Glass 0.117 0.603 0.541 0.770 
58 9 Glass 0.072 0.027 0.018 0.123 
59 9 Glass 0.112 0.503 0.598 0.277 
60 8 Glass 0.122 0.149 0.134 0.095 
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Table V.2: Statistics of data sets and OSL for Normal, Lognormal and Weibull 
distributions. Values of OSL < 0.05, for which the null hypothesis is rejected, are 
underlined. (continued) 
Data set 
 No. 
Sample 
size 
Fiber type c.o.v 
OSL 
N LN W 
61 10 Glass 0.151 0.269 0.176 0.450 
62 9 Glass 0.099 0.442 0.370 0.660 
63 8 Glass 0.065 0.440 0.370 0.748 
64 10 Glass 0.102 0.599 0.453 0.821 
65 9 Glass 0.120 0.428 0.318 0.686 
66 10 Glass 0.074 0.510 0.487 0.628 
67 10 Glass 0.105 0.212 0.151 0.432 
68 9 Glass 0.057 0.551 0.603 0.389 
69 9 Glass 0.079 0.610 0.657 0.381 
70 9 Glass 0.105 0.265 0.236 0.355 
71 8 Glass 0.121 0.317 0.259 0.402 
72 8 Glass 0.116 0.265 0.217 0.414 
73 10 Glass 0.105 0.210 0.150 0.423 
74 8 Glass 0.032 0.433 0.433 0.470 
75 8 Glass 0.048 0.169 0.182 0.098 
76 8 Glass 0.089 0.554 0.604 0.320 
77 78 Carbon 0.180 0.001 0.003 0.001 
78 52 Carbon 0.189 0.088 0.048 0.113 
79 59 Carbon 0.093 0.360 0.085 0.606 
80 67 Carbon 0.083 0.476 0.106 0.427 
Average 0.075 0.399 0.373 0.409 
c.o.v 0.039 0.219 0.224 0.244 
 
V.3 Probabilistic model of tensile strength of FRP 
composites for structural design 
V.3.1 Characteristic value 
As described in fib bulletin 14 (2001), which is adapted from Eurocode 0 (CEN 
2002), unless specified otherwise the characteristic value of the used FRP 
composites 
fkf  corresponds to the 5% fractile of the tensile strength. As shown in 
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Section V.2.4, a Weibull distribution is proposed to model the tensile strength of 
FRP composites. With the probability density function in Equation (V.3), the p-
percentile value, i.e. the value such that [ ]pP X x p  , is given by 
 1/[ ln(1 )]px p
    (V.13) 
Therefore the estimated characteristic value for the tensile strength of FRP 
composites based on MLEs (i.e. the parameter estimators in Equation (V.6)) is 
defined by 
    
ˆ ˆ1/ 1/
0.05
ˆ ˆ ˆˆ ln(1 0.05) 0.0513fkf x
 
       (V.14) 
 
V.3.2 Statistical uncertainty 
As known, the quality of the estimators for the Weibull parameters is affected by 
the sample size. The statistical uncertainty of these parameters provides the basis 
of confidence levels which show the accuracy of the parameter estimates. The 
estimate of xp, i.e. ˆ px  , has its own distribution depending on the distributions of 
ˆ  and ˆ  . And this distribution is used to obtain the p-percentile with a given 
confidence  i.e. ,ˆpx   , which means there is a  × 100% confidence that 
(1 ) 100%p   of the population will be above this value. ,ˆpx   is often referred to 
be as the 100%  lower confidence bound on the p-percentile of a specified 
population of measurements. Unfortunately, for the Weibull distribution the 
distributions of the parameter estimators are not available in close form. To 
quantify the statistical uncertainty of the parameter estimates of the Weibull 
distribution, modern computation techniques such as the Monte Carlo simulation 
are usually adopted. 
 
In the work of Zureick et al. (2006), a so-called data confidence factor, i.e. the ratio 
of ,ˆpx   to ˆ px , was investigated by adopting the method proposed in Bain (1978) 
and compared with that used in wood design. It should be noted that the adoption 
of this method requires an extensive tabulated database (e.g. Table 4 in Bain 
(1978)) which is obtained by Monte Carlo simulation for different cases. Then for 
the purpose of further usage another extensive tabulated database of the data 
confidence factor is generated for different confidence levels, p values,  values 
and sample sizes (e.g. Zureick et al. 2006). In case no such table is available, this 
method is not easy to use and approximate methods such as the one proposed by 
Bain and Engelhardt (1981) can be adopted. The  × 100% lower confidence bound 
of xp based on MLEs is given by 
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Where n is the sample size; ˆ  and ˆ   are MLEs; t is the inverse of the noncentral 
t cumulative density function with (n - 1) degree of freedom and noncentrality 
parameter ln( ln(1 ))n p    corresponding to a probability .  
 
This method is used herein and first compared with the method used in Zureick et 
al. (2006). The 90th percent confidence of the 5th percentile of the sample of 24 
tensile specimens VG 13-18 is calculated with ˆ  = 480.91 MPa and ˆ  = 75.57 
MPa. It is found that 0.05,0.75xˆ   equals to 341.36 MPa, 2% higher than the calculated 
value of 334.40 MPa in Zureick et al. (2006). This indicates that this simple 
approximate method is sufficiently accurate for practical purpose. Since the 
coverage method with a significance level of 75% is approximately identical to a 
Bayesian estimations with vague priors (as described in EN1990), the 75% 
confidence level is adopted herein. With respect to the characteristic value of the 
tensile strength for the adopted data sets, the values of 
0.05xˆ  and 0.05,0.75xˆ  divided 
by the sample mean is given in Table V.3 and Table V.4. Note that these values for 
Sets 34-37 are not given because the test data for these sets are unavailable. For 
reference purpose, the values of 
0.05xˆ  and 0.05,0.75xˆ  as well as the confidence factor 
i.e. the ratio of 0.05,0.75xˆ  to 0.05xˆ  for all the Normal and Lognormal distributions are 
also given in Table V.4. 
 
From Table V.3 it is found that when the Weibull distribution is adopted the 
average of the ratio of 
0.05,0.75xˆ  to 0.05xˆ  is 0.959 with c.o.v of 0.024. This means 
that, for simplicity purpose, the characteristic value of the tensile strength of FRP 
composites based on test results can be evaluated by: 
  
ˆ1/
0.05
ˆ ˆˆ 0.959 0.0513fk ff k x

     (V.16) 
where kf is a reduction factor considering uncertainty arising from parameter 
estimation and a value of 0.959 is recommended based on the regression results in 
this chapter. 
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Table V.3: The 5th percentile characteristic value 
Set No. 
Sample 
size 
Fiber type 
0.05xˆ
x
 
N LN W 
1 7 Glass 0.926 0.928 0.893 
2 5 Glass 0.926 0.928 0.908 
3 6 Glass 0.913 0.914 0.906 
4 13 Carbon 0.929 0.931 0.888 
5 36 Carbon 0.935 0.937 0.908 
6 29 Glass 0.907 0.909 0.884 
7 25 Carbon 0.886 0.887 0.873 
8 20 Carbon 0.904 0.905 0.896 
9 36 Carbon 0.848 0.848 0.831 
10 22 Carbon 0.762 0.778 0.727 
11 49 Glass 0.837 0.841 0.815 
12 30 Carbon 0.912 0.913 0.890 
13 8 Carbon 0.846 0.851 0.814 
14 31 Carbon 0.821 0.828 0.772 
15 21 Carbon 0.834 0.839 0.807 
16 48 Carbon 0.744 0.760 0.686 
17 24 Carbon 0.855 0.859 0.838 
18 30 Carbon 0.848 0.855 0.810 
19 5 Carbon 0.835 0.844 0.788 
20 6 Carbon 0.864 0.868 0.843 
21 7 Carbon 0.803 0.819 0.743 
22 7 Carbon 0.888 0.891 0.873 
23 6 Carbon 0.922 0.923 0.907 
24 7 Carbon 0.955 0.956 0.937 
25 7 Carbon 0.938 0.939 0.914 
26 7 Carbon 0.960 0.960 0.957 
27 7 Carbon 0.907 0.909 0.882 
28 7 Carbon 0.924 0.925 0.920 
29 8 Glass 0.944 0.944 0.933 
30 14 Glass 0.928 0.929 0.913 
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Table V.3: The 5th percentile characteristic value (continued) 
Set No. 
Sample 
size 
Fiber type 
0.05xˆ
x
 
N LN W 
31 20 Carbon 0.891 0.890 0.878 
32 20 Glass 0.937 0.938 0.926 
33 19 Carbon 0.897 0.899 0.879 
38 30 Glass 0.888 0.891 0.863 
39 5 Glass 0.996 0.996 0.995 
40 5 Glass 0.988 0.988 0.982 
41 5 Glass 0.985 0.985 0.978 
42 5 Glass 0.962 0.962 0.950 
43 5 Glass 0.988 0.989 0.985 
44 30 Carbon 0.930 0.931 0.921 
45 20 Carbon 0.924 0.927 0.881 
46 20 Carbon 0.925 0.926 0.916 
47 7 Glass 0.962 0.962 0.943 
48 6 Glass 0.945 0.945 0.942 
49 5 Glass 0.930 0.931 0.922 
50 5 Glass 0.961 0.962 0.942 
51 5 Glass 0.923 0.923 0.944 
52 5 Glass 0.925 0.927 0.900 
53 5 Glass 0.918 0.920 0.896 
54 60 Carbon 0.905 0.907 0.880 
55 8 Glass 0.878 0.881 0.862 
56 9 Glass 0.846 0.850 0.833 
57 9 Glass 0.819 0.826 0.791 
58 9 Glass 0.889 0.887 0.906 
59 9 Glass 0.826 0.839 0.762 
60 8 Glass 0.812 0.821 0.758 
61 10 Glass 0.764 0.770 0.763 
62 9 Glass 0.846 0.849 0.833 
63 8 Glass 0.900 0.901 0.897 
64 10 Glass 0.841 0.843 0.822 
65 9 Glass 0.815 0.819 0.806 
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Table V.3: The 5th percentile characteristic value (continued) 
Set No. 
Sample 
size 
Fiber type 
0.05xˆ
x
 
N LN W 
66 10 Glass 0.885 0.888 0.865 
67 10 Glass 0.836 0.840 0.821 
68 9 Glass 0.912 0.915 0.877 
69 9 Glass 0.877 0.883 0.828 
70 9 Glass 0.837 0.842 0.827 
71 8 Glass 0.813 0.817 0.808 
72 8 Glass 0.822 0.827 0.812 
73 10 Glass 0.837 0.840 0.820 
74 8 Glass 0.951 0.952 0.941 
75 8 Glass 0.926 0.928 0.910 
76 8 Glass 0.863 0.870 0.810 
77 78 Carbon 0.706 0.742 0.635 
78 52 Carbon 0.691 0.716 0.657 
79 59 Carbon 0.848 0.853 0.823 
80 67 Carbon 0.865 0.869 0.834 
average 0.884 0.888 0.863 
c.o.v 0.064 0.060 0.074 
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Table V.4: The 5th percentile characteristic value with 75% confidence 
Set 
No. 
Sample 
size 
Fiber 
type 
0.05,0.75xˆ
x
 
0.05,0.75
0.05
ˆ
ˆ
x
x
 
N LN W N LN W 
1 7 Glass 0.899 0.904 0.854 0.971 0.973 0.956 
2 5 Glass 0.890 0.895 0.860 0.960 0.964 0.947 
3 6 Glass 0.876 0.880 0.865 0.960 0.963 0.954 
4 13 Carbon 0.912 0.916 0.863 0.982 0.984 0.972 
5 36 Carbon 0.928 0.930 0.897 0.992 0.992 0.988 
6 29 Glass 0.894 0.897 0.868 0.986 0.987 0.982 
7 25 Carbon 0.869 0.872 0.854 0.981 0.982 0.978 
8 20 Carbon 0.887 0.889 0.878 0.981 0.983 0.980 
9 36 Carbon 0.829 0.831 0.811 0.978 0.981 0.977 
10 22 Carbon 0.723 0.748 0.689 0.949 0.961 0.947 
11 49 Glass 0.821 0.827 0.797 0.980 0.983 0.978 
12 30 Carbon 0.900 0.902 0.876 0.987 0.988 0.983 
13 8 Carbon 0.795 0.808 0.756 0.940 0.950 0.929 
14 31 Carbon 0.797 0.808 0.746 0.971 0.976 0.965 
15 21 Carbon 0.806 0.815 0.777 0.966 0.972 0.962 
16 48 Carbon 0.717 0.740 0.659 0.964 0.973 0.961 
17 24 Carbon 0.833 0.839 0.813 0.974 0.977 0.971 
18 30 Carbon 0.827 0.837 0.786 0.976 0.979 0.971 
19 5 Carbon 0.753 0.778 0.692 0.902 0.922 0.878 
20 6 Carbon 0.807 0.820 0.778 0.934 0.944 0.923 
21 7 Carbon 0.731 0.763 0.661 0.910 0.932 0.890 
22 7 Carbon 0.847 0.854 0.826 0.954 0.959 0.946 
23 6 Carbon 0.889 0.893 0.866 0.964 0.967 0.955 
24 7 Carbon 0.938 0.940 0.912 0.983 0.984 0.974 
25 7 Carbon 0.915 0.918 0.881 0.975 0.977 0.964 
26 7 Carbon 0.945 0.946 0.940 0.985 0.985 0.982 
27 7 Carbon 0.872 0.878 0.838 0.962 0.966 0.950 
28 7 Carbon 0.896 0.899 0.889 0.970 0.972 0.966 
29 8 Glass 0.925 0.927 0.910 0.980 0.981 0.975 
30 14 Glass 0.912 0.914 0.893 0.983 0.984 0.979 
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Table V.4: The 5th percentile characteristic value with 75% confidence (continued) 
Set 
No. 
Sample 
size 
Fiber 
type 
0.05,0.75xˆ
x
 
0.05,0.75
0.05
ˆ
ˆ
x
x
 
N LN W N LN W 
31 20 Carbon 0.871 0.873 0.857 0.979 0.980 0.976 
32 20 Glass 0.926 0.928 0.913 0.988 0.989 0.986 
33 19 Carbon 0.879 0.882 0.857 0.979 0.981 0.975 
38 30 Glass 0.873 0.878 0.845 0.983 0.985 0.979 
39 5 Glass 0.994 0.994 0.992 0.998 0.998 0.997 
40 5 Glass 0.981 0.982 0.973 0.994 0.994 0.990 
41 5 Glass 0.977 0.977 0.966 0.992 0.992 0.988 
42 5 Glass 0.943 0.944 0.923 0.980 0.981 0.972 
43 5 Glass 0.983 0.983 0.976 0.994 0.994 0.991 
44 30 Carbon 0.921 0.922 0.910 0.990 0.990 0.988 
45 20 Carbon 0.911 0.915 0.861 0.986 0.987 0.977 
46 20 Carbon 0.912 0.914 0.901 0.986 0.987 0.984 
47 7 Glass 0.947 0.949 0.921 0.985 0.986 0.977 
48 6 Glass 0.922 0.924 0.915 0.975 0.977 0.971 
49 5 Glass 0.895 0.898 0.880 0.962 0.965 0.955 
50 5 Glass 0.942 0.944 0.911 0.980 0.981 0.967 
51 5 Glass 0.885 0.887 0.912 0.959 0.961 0.966 
52 5 Glass 0.888 0.894 0.849 0.960 0.964 0.943 
53 5 Glass 0.877 0.882 0.842 0.955 0.960 0.940 
54 60 Carbon 0.896 0.899 0.869 0.990 0.991 0.988 
55 8 Glass 0.837 0.846 0.817 0.954 0.960 0.947 
56 9 Glass 0.800 0.811 0.784 0.945 0.953 0.941 
57 9 Glass 0.764 0.781 0.733 0.933 0.946 0.927 
58 9 Glass 0.856 0.856 0.876 0.962 0.965 0.967 
59 9 Glass 0.773 0.796 0.699 0.936 0.950 0.917 
60 8 Glass 0.750 0.771 0.688 0.924 0.939 0.907 
61 10 Glass 0.698 0.718 0.703 0.914 0.933 0.921 
62 9 Glass 0.799 0.810 0.784 0.945 0.953 0.941 
63 8 Glass 0.867 0.870 0.862 0.963 0.967 0.961 
64 10 Glass 0.797 0.805 0.775 0.947 0.955 0.943 
65 9 Glass 0.759 0.773 0.751 0.931 0.943 0.931 
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Table V.4: The 5th percentile characteristic value with 75% confidence (continued) 
Set 
No. 
Sample 
size 
Fiber 
type 
0.05,0.75xˆ
x
 
0.05,0.75
0.05
ˆ
ˆ
x
x
 
N LN W N LN W 
66 10 Glass 0.853 0.860 0.828 0.964 0.968 0.957 
67 10 Glass 0.791 0.801 0.773 0.945 0.954 0.942 
68 9 Glass 0.885 0.891 0.841 0.971 0.974 0.958 
69 9 Glass 0.840 0.851 0.779 0.958 0.964 0.941 
70 9 Glass 0.788 0.800 0.776 0.941 0.951 0.939 
71 8 Glass 0.752 0.766 0.747 0.924 0.937 0.925 
72 8 Glass 0.763 0.778 0.753 0.928 0.941 0.927 
73 10 Glass 0.791 0.802 0.772 0.946 0.954 0.942 
74 8 Glass 0.935 0.937 0.920 0.983 0.984 0.978 
75 8 Glass 0.902 0.905 0.879 0.974 0.976 0.966 
76 8 Glass 0.817 0.832 0.751 0.947 0.956 0.928 
77 78 Carbon 0.682 0.725 0.612 0.966 0.977 0.963 
78 52 Carbon 0.663 0.695 0.631 0.959 0.971 0.961 
79 59 Carbon 0.834 0.841 0.808 0.984 0.986 0.982 
80 67 Carbon 0.853 0.859 0.821 0.987 0.988 0.984 
average 0.854 0.862 0.829 0.965 0.970 0.959 
c.o.v 0.075 0.068 0.084 0.022 0.017 0.024 
 
V.4 Summary 
− In this chapter a probabilistic model for the tensile strength of FRP 
composites is elaborated. After a thorough literature review three 
extensively used distributions i.e. the Normal, Lognormal and Weibull 
distributions are selected to fit a relatively large experimental database 
with a tail-sensitive Anderson-Darling statistic based measure of 
goodness-of-fit.  
− Further, based on the fitting results, the Weibull distribution is proposed 
to model the tensile strength of FRP composites. The pth-percentile 
characteristic value of FRP composites is determined taking into account 
the statistical uncertainty arising from parameter estimation and an 
equation for evaluating the characteristic value of the tensile strength 
based on test results is recommended for practice.   
   
 
CHAPTER VI 
 
RELIABILITY ANALYSIS OF FRP 
STRENGTHENED RC BEAMS 
CONSIDERING COMPRESSIVE 
MEMBRANE ACTION 
________________________________ 
 
 
 
 
 
 
  
 114 Chapter VI  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Reliability analysis of FRP strengthened RC beams considering CMA 115 
 
VI.1 Introduction 
Although much of the early work of FRP applications was conducted in a 
deterministic way to have an understanding of FRP behavior and the interaction 
between FRP and concrete structures, recently several researchers have focused on 
the evaluation of FRP strengthened concrete structures considering a probabilistic 
framework. 
 
An early attempt to examine the reliability of concrete structures with externally 
bonded FRP was performed by Plevris et al. (1995). They considered flexurally 
strengthened beams subjected to changes to design variables and proposed 
calibrated resistance reduction factors for design. Okeil et al. (2002) investigated 
the reliability of reinforced concrete bridge girders strengthened with CFRP 
laminates by focusing on the cross-sectional flexural behavior and developed the 
resistance models for RC cross sections rehabilitated with CFRP laminates and the 
corresponding appropriate design factors as well. Karbhari and Abanilla (2007), 
Atadero and Karbhari (2008), and Wieghaus and Atadero (2010) have worked on 
the reliability analysis of FRP strengthened bridge decks. They proposed an 
approach for achieving a broad applicability of reliability-based design of 
composite materials and calibrated the resistance factors for reliability-based 
design after analyzing the influence of material variability on the reliability 
considered. Pham and Al-Mahaidi (2008) presented a reliability study on RC 
beams retrofitted with externally-bonded FRP considering three common failure 
modes and provided the capacity reduction factors for corresponding failure 
modes. In the work of Wang, Ellingwood and Zureick (2010) the authors 
summarized some useful tools and supporting databases that can be used to develop 
reliability-based guidelines for design and evaluation of FRP composites in civil 
construction and showed their application with several practical examples. Ribeiro 
and Diniz (2013) also presented recommendations for a reliability-based design 
framework by assessing the reliability indices and failure probabilities of eighty-
one FRP reinforced concrete beams designed according to ACI-440. More recently, 
Shi et al. (2015) presented a reliability analysis of intermediate crack-induced 
debonding failure in FRP strengthened concrete members. They examined the 
probabilistic characteristics of the model uncertainties for several widely used 
debonding models and calibrated the reduction factors for these models using the 
first-order reliability method. 
 
Although the aforementioned investigations paid attention to the reliability analysis 
regarding concrete beam elements with externally-bonded FRP and recommended 
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reduction factors for design, there are still many research questions. More 
specifically, few works can be found focusing on the reliability aspects for concrete 
beam beams with externally-bonded FRP. Although the global reduction factor for 
resistance, as proposed in Plevris et al. (1995), Atadero and Karbhari (2008), Pham 
and Al-Mahaidi (2008) and Shi et al. (2015), is adopted by several design codes, 
its use constitutes a divergence from the Eurocode, in which partial factors for 
actions or material properties are more widely used. Moreover, since membrane 
actions (especially compressive membrane action) has been recognized as a 
significant benefit to the resistance enhancement for longitudinally restrained FRP 
strengthened concrete members (e.g. Zeng et al. (2015; 2016)), no reliability-based 
studies on FRP strengthened concrete beams considering the effect of compressive 
membrane action can be found. 
 
The objective in this chapter has been mainly to propose a framework for the 
reliability analysis of FRP strengthened reinforced concrete beams considering 
compressive membrane action (CMA). Following this introduction, a description 
of the structural reliability calculations is provided. Further, a parameter study as 
well as a sensitivity analysis are performed. Finally, a partial factor for the FRP 
strength considering CMA is calibrated. 
 
As mentioned in Chapter IV, the CMA effect in FRP strengthened concrete 
members is related to many aspects. For sake of simplicity, this chapter only 
considers the basic cases in the investigation of the reliability aspects for FRP 
strengthened RC beams accounting for CMA. For the consideration of other 
situations such as effect of other failure modes e.g. debonding failure, the effect of 
rotation stiffness of longitudinal restraint, the asymmetries of the beam 
configurations and the details of the calculation methods, reference is made to 
Chapter IV. 
 
VI.2 Design variables and Monte Carlo simulations 
VI.2.1 Design capacity and design variables 
According to the aforementioned model (Section IV.2) illustrating the flexural 
behavior of FRP strengthened RC beams considering CMA, the basic design 
variables can be divided into three categories: material properties, geometrical 
properties and load variables. The concrete has compressive strength 
cf , elastic 
modulus 
cE  and ultimate strain cu ; the steel reinforcement has cross-sectional 
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area 
sA , yield strength fy and Young’s modulus sE ; and the fiber reinforcement 
has cross-sectional area 
fA , ultimate strength fuf  and Young’s modulus fE . The 
beam has beam length l, beam width b, beam depth h and r which denotes the ratio 
of the span length from the assumed plastic hinge at the beam end to the nearest 
hinge in the span to the beam span. The external loads mainly consist of permanent 
loads such as the self-weight of concrete and dead-weight of construction materials, 
and variable loads such as imposed variable load, wind load and snow load. Besides 
the above design variables, the longitudinal stiffness Ka and the concrete cover as 
are also considered. Furthermore, uncertainties related to the resistance model KR 
and to the load effects KE are also considered. 
 
Table VI.1: Probabilistic models of design variables 
X description distribution* mean X std., X 
G Permanent load Normal nominal 0.05X 
Q Variable load (50 year) Gumbel 0.6 Qk 0.35X 
as Concrete cover Beta† nominal 10 mm 
fck Concrete strength Lognormal fck + 2  0.15X 
Ec Concrete Young’s modulus Lognormal 22[(fck+8)/10]0.3 0.15X 
cu Concrete ultimate 
compressive strain 
Lognormal nominal 0.15X 
fy Steel yield strength Lognormal fyk + 2  30 MPa 
fu Ultimate strain of CFRP Weibull‡ fk + 2  0.10X 
Ef Young’s modulus of CFRP Lognormal‡ nominal 0.05X 
Ka Restraint stiffness Lognormal 1.2 nominal 0.15 X 
KR Model uncertainty Lognormal†† 1.0 0.15 
KE Load effects uncertainty Lognormal 1.0 0.10 
* Unless specified otherwise, the distribution model for each variable is based on 
the Probabilistic Model Code (JCSS 2001); 
† Lower bound a = 0; upper bound, b = 3X; 
‡ the distribution of the ultimate strain and Young’s modulus of CFRP is referred 
to Section VI.2.2; 
†† The distribution of the model uncertainty is referred to Section VI.2.3. 
 
VI.2.2 Variable statistics 
In this work, the geometrical properties including beam width, depth, length and r 
(the ratio of the length from the assumed plastic hinge at the beam end to the nearest 
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hinge in the span to the net length of the beam, see Section IV.2) are treated as 
deterministic variables as their variability is small compared to the corresponding 
nominal values. Similar to the dimensions of steel, the dimensions of FRP are 
considered as deterministic as the width of prefabricated FRP strips varies to a very 
small extent since it is rather precisely controlled in production. The width of strips 
is set by the widths of the forms they are pulled through when they are produced 
with the margin of error of these devices being small enough that nearly no 
variation exists. Except when it is hand-made based on fiber tows, their variations 
can be ignored. Therefore, the FRP area ratio (f) as well as the steel area ratio (s) 
can be treated as deterministic variables due to their negligible variabilities. In 
addition, the Young’s modulus of steel reinforcement for all steel types can be 
considered deterministic. All other design variables are treated as random 
variables, as shown in Table VI.1 and described below. 
 
According to Holicky and Sykora (2010) and JCSS (2001), the concrete strength is 
modeled as a lognormally distributed variable with a mean value two times the 
standard deviation beyond the characteristic strength, and the coefficient of 
variation (c.o.v) ranging from 0.10 to 0.18; 0.15 is selected in this chapter. It is well 
known that the concrete modulus is related to its strength and a relationship 
between them can be adopted from Eurocode 2 (CEN 2004). The concrete modulus 
is assumed to be lognormally distributed with its nominal value related to its 
strength and its c.o.v being 0.15. The ultimate concrete compressive strain is 
assumed to be a Lognormal variable with a nominal value equal to its mean and 
the c.o.v equal to 0.15. Regarding the properties of steel reinforcement, the yield 
strength is lognormally distributed with a fixed standard deviation of 30 MPa and 
a mean value 60 MPa larger than the characteristic value. The longitudinal restraint 
to which the beam is subjected is actually related to the rigidity of the surrounding 
structures. According to JCSS (2001), it can be modeled as a Lognormal variable, 
the mean and c.o.v of which are equal to 1.2 times of the nominal value and 0.15, 
respectively. In addition, also the variation of the concrete cover of reinforcing bars 
is important. According to Holicky and Sykora (2010), a bounded Beta distribution 
seems to be the most suitable model to model the uncertainty in this case. A lower 
bound of zero, a mean equal to the nominal value of the concrete cover and a upper 
bound of three times the mean are adopted herein. 
 
In regard to the properties of FRP laminates, the probabilistic model of the tensile 
strength of FRP has been investigated in Chapter V. Considering the findings in 
Chapter V, the Weibull distribution is adopted herein, which is consistent to other 
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publications (e.g. Plevris et al. 1995 and Okeil et al. 2002), to model the ultimate 
strength (strain) of FRP. According to fib bulletin 14 (2001), unless specified 
otherwise the characteristic value of FRP composites is equal to the 5th percentile 
of the tensile strength. For a Weibull distribution the relationship between the 5th 
percentile (characteristic value) and the 50th percentile (mean value) is dependent 
on the corresponding scale and shape parameters and is not evident as that in e.g. a 
Normal distribution. To approximately evaluate this relationship the eight 
experimental data sets collected in Chapter V are used. The ratio of the (estimated) 
characteristic value to the value of the mean subtracting two times  the standard 
deviation is analysed. It is interesting to find that this ratio has an average 1.01 and 
a c.o.v 0.02. This means that, for simplicity purpose, the mean tensile strength 
(strain) of FRP composites can be approximately estimated as two times the 
standard deviation larger than the characteristic strength (strain). The c.o.v of the 
tensile strength (strain) of FRP is chosen as 0.10, which is justified when compared 
to the strength variability of steel reinforcement and concrete (see e.g. Okeil et al. 
2002 and Atadero et al. 2005). However, regarding the probabilistic model to 
describe the tensile modulus of FRP, the choice of the Lognormal distribution by 
Atadero et al. (2005) differs from that of the Weibull distribution by Zureick et al. 
(2006). Actually, an insight comparison of the fitting results shown in Zureick et 
al. (2006), based on the observed significance level, implies that a Weibull 
distribution is the worst model to describe the longitudinal tensile modulus of FRP 
considered, which is consistent to the conclusion of Atadero et al. (2005) that 
neither the Weibull nor the Normal distribution should be chosen for the modulus 
of FRP. It should be noted that the strengthening FRP used in this chapter is similar 
to the filed-manufactured wet-layup laminates shown in Atadero et al. (2005) but 
not to the products investigated in Zureick et al (2006), the data of which were 
collected from either column axial compression tests or beam-column tests from 
literatures. Therefore, in this chapter the tensile modulus of FRP is modeled by a 
Lognormal distribution  the mean equal to the nominal value and the c.o.v equal to 
0.05. 
 
VI.2.3 Model uncertainties 
Model uncertainties may result from the lack of knowledge and simplifications or 
because the used model is inexact and/or incomplete. As recommended by JCSS 
(2001), the model uncertainty of resistance can be defined as the ratio of test results 
testR  to the calculated results using proposed models calc.R , i.e. 
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calc.
R
R
K
R
   (VI.1) 
 
In JCSS (2001), the resistance model uncertainty for conventional concrete 
members under bending is modeled by a lognormally distributed variable with a 
mean of 1.20 and a c.o.v of 0.15. However, this lognormal distribution with its 
statistics might not be suitable for flexural concrete members considering CMA. 
Therefore it is of importance to quantify the model uncertainties of concrete 
member under CMA. Some available data of concrete beams considering CMA 
from literature are listed in Table VI.2 as well as Table IV.2. The mean of the model 
uncertainty, KR, is 0.988. In other words, the mean value of the resistance model 
uncertainty considering CMA is smaller than the recommended value of 1.20 in the 
Probabilistic Model Code (JCSS 2001). This can be explained as follows: on the 
one hand, for conventional concrete flexural members, the mean of the resistance 
model uncertainty is chosen larger than unity to consider the conservative design 
aspects such as the ignorance of the hardening of steel reinforcement; on the other 
hand, for concrete flexural beams considering CMA, however, the beams normally 
fail at relative large deflections. This means the design of concrete beams taking 
CMA into account is less conservative than that of the conventional concrete 
beams. Because the sample size of the collected data is small, the distribution type 
of KR is not easy to obtained. In the following structural reliability calculations, the 
resistance model uncertainty is modeled as a lognormal variable, as recommended 
by the Probabilistic Model Code (JCSS 2001). The mean of this variable is taken 
as the 1.00. Although the c.o.v of KR from data (0.080, Table VI.2 and Table IV.2) 
is smaller than the recommended value of 0.15 in the model code (JCSS 2001), in 
the following analysis the c.o.v of the resistance model uncertainty for FRP 
strengthened concrete members considering CMA is still taken as the 
recommended value i.e. 0.15 as the c.o.v value for tests relates to a rather limited 
database. This is because besides the uncertainties due to concrete and steel 
reinforcement, the resistance model uncertainty in FRP strengthened concrete 
members is also attributed to the uncertainties of FRP. The variation of FRP 
properties is generally believed to be more significant than in steel reinforcement 
and should be considered in the variation of the model resistance. 
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Table VI.2: A portion of test database for beam systems 
Test* 
b×h 
(mm) 
l  
(mm) 
r
(-) 
f
 
c 
(MPa) 
fy 
(MPa) 
Rcalc.  
(kN) 
Rtest 
(kN) 
RK  
V1 180×180 5180 0.42 30.50 580 38.48 40.50 1.053 
V2 180×180 5180 0.42 27.00 580 36.41 35.70 0.980 
V3 180×180 5180 0.42 30.00 580 38.92 41.40 1.064 
V4 180×180 5180 0.42 26.00 580 43.31 40.10 0.926 
V5 180×180 5180 0.42 29.50 580 41.18 41.60 1.010 
V6 180×180 5180 0.42 30.00 580 43.34 39.40 0.909 
* V1 - V6 from FarhangVesali et al. (2013). 
 
For the model uncertainties of load effects, KE, recommendations from the 
Probabilistic Model Code (JCSS 2001) are adopted, as shown in Table VI.1. 
 
VI.2.4 Simulation of resistance 
Due to the complexity and nonlinearity of the problem, an estimation of the 
probabilistic distribution and the corresponding statistical properties of the 
resistance model are especially helpful in the following reliability analysis. With 
the distributions of the design variables as well as the corresponding statistics, an 
example beam can be analysed probabilistically using Monte Carlo simulations 
(MCS). The example beam was designed with nominal values of beam width, 
depth, length and r of 200 mm, 400 mm, 10 m and 0.2 respectively. The concrete 
class is considered to be C30/37 and the longitudinal steel reinforcement has with 
a reinforcement area of 540 mm2 and 480 mm2 at the bottom and at the top of the 
beam, respectively. The characteristic strength of steel is considered to be 500 MPa. 
Further this beam is strengthened with a layer of CFRP, the width and depth of 
which are 100 mm and 1.2 mm, respectively. The properties of CFRP are in 
agreement with Chapter IV, i.e. Ef = 190 GPa and fu = 1.5%. A large number 
(10,000) Latin hypercube sampled data sets for each variable were generated using 
the probabilistic distributions shown in Table VI.1. Each of the generated random 
sets was analyzed using the CMA model discussed previously. The bias and c.o.v 
of the resistance R compared to the design value of the resistance Rd is quantified 
based on these samples. In this specific case, the bias /R dR  is 1.45 and the c.o.v 
is 0.07. When compared to the bias from other studies (e.g. Okeil et al. (2002) and 
Wang et al. (2010)), this bias is approximately 25% higher. This is because the 
CMA effect enhances the resistance significantly. As pointed out in Chapter IV, 
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for this specific example, the enhancement to load bearing capacity due to CMA is 
around 25%. 
 
Figure VI.1a shows the probability density function of the normalized flexural 
resistance along with the corresponding fitting curves using the Normal and 
Lognormal distributions. It is observed that a lognormal distribution fits well the 
flexural resistance considering CMA. Unfortunately, a Chi-square goodness-of-fit 
study showed that neither the Normal or the Lognormal distribution is reasonably 
accurate with a significance level of 0.05. However, the Chi-square goodness-of-
fit in Figure VI.1b as well as Figure VI.2 shows that the distribution of KRR could 
be substituted by the Lognormal distribution with good accuracy. Therefore, in the 
following sections, the variable KRR is modeled as a Lognormal variable. 
 
Figure VI.1: Probability density of normalized resistance. (a) R/Rd; (b) KRR/Rd 
 
(a) (b) 
  
 
Reliability analysis of FRP strengthened RC beams considering CMA 123 
 
 
Figure VI.2: Probability plot of variable KRR: (a) the Lognormal distribution; (b) 
the Normal distribution 
 
VI.3 Structural reliability analysis 
VI.3.1 Structural reliability and First Order Reliability Method 
(FORM) 
A limit state function Z describes the performance of a structure. Considering that 
the permanent (G) and variable (Q) load effects are the most dominant in the design 
of flexural concrete beams, only these loads are taken into account. Then the limit 
state function is related to the difference between the random resistance R of the 
beam and the random load effects. 
 Z R G Q     (VI.2) 
in terms of a number of basic random variables, X1, X2,···,Xn, representing 
geometries, material properties, loads and so on. Z = g (X1, X2,···,Xn)  is a random 
(a) 
(b) 
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vector and represents a failure surface. The failure probability Pf can be obtained 
by performing an integration of the joint probability density function of Z over the 
failure space. In general it is not possible to perform the explicit calculation of Pf 
because in most cases the joint probability density function of Z cannot be explicitly 
expressed. Hence, more commonly MCS is used in order to estimate the failure 
probability on the basis of a large number of simulations. Alternatively, also the 
first-order reliability method (FORM) can be adopted, in case the limit state 
function can be described in closed form. FORM is based on the first order Taylor 
series expansion of the limit state function at the design point. In case the basic 
variables are not normally distributed, the transformation method proposed by 
Rackwitz and Fiessler (1977) will be used. According to FORM, the reliability 
index in calculated as 
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  (VI.3) 
where *( )g x  and 
*( )
i
g x
X


 are the limit state function and its corresponding partial 
derivatives evaluated at the design point; 
iX
 , 
iX
  are the mean and the standard 
deviation of ith random variable Xi, respectively. Among all points in the failure 
space the design point is the point from which the distance to the origin of the 
design space is shortest. To find such a point, if not given, an iterative process 
which can be found e.g. in Ditlevsen and Madsen (1996) is needed. 
 
When Z is linear in terms of basic normal variables, the reliability index  is related 
to the failure probability according to the following relationship: 
 ( )fP      (VI.4) 
where ( )   is the cumulative distribution function of the standardized normal 
distribution, 
Z , Z  are the mean and the standard deviation of Z, respectively. 
Although Equation (VI.4) is only valid under the mentioned conditions, it is 
commonly used in order to formulate MCS results relating the estimation of failure 
probabilities in the format of reliability indices. This convention will also be used 
in the next sections. Note that in this thesis the reliability index for a reference 
period is considered. 
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VI.3.2 Problem formulation 
According to the above review of the flexural behavior of FRP strengthened RC 
beams considering CMA, the limit state function in Equation (VI.2) can be 
rewritten as 
 ( )R EZ K R K G Q     (VI.5) 
 
It is worth pointing out that, in the reliability analysis of FRP strengthened concrete 
beams under the consideration of CMA, it is seldom the case that the limit state 
function can be interpreted based only on the moment resistance of a specified 
section as shown in many cases in the literature, because the resistance of the 
specimen is not anymore only controlled by the moment resistance of a specified 
section, as implied in e.g. Equation (IV.16). 
 
By referring to fib bulletin 14 (2001), for FRP strengthened concrete flexural 
members the standard design format based on Eurocode 0 (CEN 2002) can be 
expanded in this study as 
 ( , , , , )
yk fkck
d d
C S F
f ff
R R E
  
      (VI.6) 
where 
ckf , fyk and ffk are the characteristic strengths, with their corresponding 
partial factors, 
C , S  and F , of concrete, steel and fiber reinforcement, 
respectively; 
dR  is the design resistance and dE  is the design value of load effects. 
As recommended in fib bulletin 14 (2001), 
C  = 1.50, S  = 1.15 and F  = 1.20 
for application of prefab CFRP if not specified. To design a concrete member (in 
residential buildings) exposed to permanent and variable load effects in an 
economical way, Eurocode 0 (CEN 2002) recommends the fundamental load 
combination (6.10a, b) 
 
0,max{  ;  }d G k Q Q k G k Q kE G Q G Q         (VI.7) 
with 
G  = 1.35, Q  = 1.5 are the partial factors of the characteristic value of the 
permanent load effect 
kG , and variable load effect kQ , respectively; 0,Q =0.7 is 
the combination value of the variable load effect and  =0.85 is a reduction factor 
for the permanent load effect. 
 
In order to consider a wide range of load combinations a load ratio  is defined as 
follows: 
 k
k k
Q
Q G
 

  (VI.8) 
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For a given load ratio, the characteristic permanent and variable loads can be 
obtained for a given design resistance. Note the load ratio may vary from nearly 0. 
 
VI.3.3 Calculation of the reliability index 
In a normal design situation, the nominal values of different applied loads such as 
the permanent and variable loads are given and all the unknown model parameters 
connected to resistance model such as material properties and geometrical 
properties are to be determined. A beam is designed to sustain a combination of 
external loads. Then the random characteristics of the model parameters and loads 
are considered (for example by the MCS method) based on assumed variable 
distributions and relationships among nominal values, mean values and variations 
(e.g. Table VI.1) to calculate the reliability of the beam considered. Because of the 
prescriptions of the permanent and variable loads, this direct approach shows its 
disadvantages in parameter studies and sensitivity analysis where a wide range of 
material properties, geometrical properties and load ratios are considered. To 
overcome this difficulty, another approach is adopted here. In this approach, the 
model parameters including material properties, geometrical properties and model 
uncertainties are given based on which the design resistance Rd can be obtained by 
applying partial factors. Considering the variable load ratio in Equation (VI.8) and 
the relationship that Rd = Ed the parameters of the permanent and variable load 
distributions can be calculated. Consequently, the permanent and variable loads are 
sampled using simulation techniques and the reliability indices are obtained based 
on Equation (VI.3) - (VI.5). The calculation procedure for quantifying the 
robustness index is shown in Figure VI.3. 
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Figure VI.3: Calculation procedure for the reliability index 
VI.3.4 Quantification of the reliability index for FRP strengthened 
beams considering CMA effect 
To examine the reliability of FRP strengthened concrete beams considering CMA, 
the example beam in Section VI.2.4 was analyzed. To effectively investigate the 
effect of CMA, the following four groups of reliability indices were considered: 
- RC (EN 1990): the design resistance of the reinforced concrete beam was 
analyzed without consideration of CMA (Rd,RC) and with the design load 
effects (Ed,RC) calculated based on Eurocode 0 (CEN 2002). 
- FRP (EN 1990): the design resistance of the FRP strengthened concrete 
beam was analyzed without consideration of CMA (Rd,FRP) and the design 
load effects (Ed,FRP) were calculated based on Eurocode 0 (CEN 2002). 
- FRP/CMA: the design resistance of the FRP strengthened concrete beam 
considering CMA (Rd,FRP/CMA) was obtained and the load effects (Ed,FRP) 
was used to calculate the reliability indices. 
Monte Carlo simulation of model 
parameters X1, X2, … Xn (Table 
VI.1) 
Calculate the design value of 
resistance Rd according to 
Eurocode 2 (CEN 2004) 
Obtain the characteristic values of 
loads (Gk and Qk) according to 
Equations (VI.6) - (VI.8) 
Obtain the resistance considering 
CMA R according to Equation 
(IV.16) or (IV.17) 
Properties of concrete, steel, FRP 
and geometry 
Start 
Monte Carlo simulation of G and Q 
Calculate reliability index 
according to Equations 
(VI.3) - (VI.5) 
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- RC/CMA: for the reason of comparison, the corresponding RC beam 
without FRP strengthening was also analysed considering the effect of 
CMA. 
 
 
Figure VI.4: Reliability index of FRP strengthened RC beams considering CMA 
The reliability indices of these four groups with respect to load ratios are shown in 
Figure VI.4. First it is found that when compared to RC beams the variabilities of 
the FRP characteristics attribute to additional variation in the resistance because 
the curve FRP corresponds to lower values compared to the curve RC. 
Furthermore, as can be seen from the figure, by comparing the curves RC and 
RC/CMA and also the curves FRP and FRP/CMA, it is straightforward that the CMA 
positively affects the reliability indices for all load ratio values because the CMA 
effect positively enhances the resistance of the beam. Compared to the CMA effect 
in FRP strengthened concrete beams, it is concluded that the effect of CMA on 
reliability indices in conventional RC beams is much more significant, which is 
consistent to the authors’ previous observations in Chapter IV. In addition, with 
increasing value of the load ratio the dependency of the reliability indices on the 
CMA effect decreases. This is because higher values of the load ratio are associated 
with more variation of the load effects and hence the contribution of CMA is 
relatively smaller. 
 
VI.4 Parameter study 
As can be seen in Section VI.2, there are many factors influencing the load bearing 
capacity of FRP strengthened concrete beams considering CMA. It is therefore 
interesting to see how these factors influence the corresponding reliability indices. 
Consequently four groups, i.e. properties of FRP reinforcement, steel 
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reinforcement, concrete and geometry are considered in the following parameter 
study, as shown in Table VI.3. The same default values for the considered 
parameters are adopted as in Table IV.4. When the range of a considered parameter 
(e.g. reinforcement ratio) is analysed, all the other parameters are kept constant. 
The results are given in Figure VI.5 to Figure VI.8. 
Table VI.3: Considered parameter values in the parameter study 
Category Parameter Unit Range 
FRP property Reinforcement ratio, ρf  % 0.06 ~ 0.27 
Young’s modulus, Ef GPa 100 ~ 400 
Ultimate tensile strain, εfu % 0.5 ~ 3.0 
Steel property Reinforcement ratio, ρs % 0.06 ~ 0.60 
Yield strain, εy % 0.20 ~ 0.30 
Concrete 
property 
Compressive strength, fck MPa 20 ~ 50 
Ultimate compressive strain, εcu % 0.28 ~ 0.35 
Geometric 
property 
Span-to-depth ratio, ln/h - 5.0 ~ 12.5 
Longitudinal restraint, Ka kN/m 102 ~ 106 
 
 
 
Figure VI.5: Effects of FRP properties. (a) FRP ratio, (b) FRP modulus and (c) FRP 
ultimate strain 
(a) (b) 
 




(c) 
 130 Chapter VI  
 
 
 
Figure VI.6: Effects of steel properties. (a) bottom steel ratio (similar to top) and 
(b) yield strain 
 
In agreement with findings in Chapter IV, the higher the FRP ratio, the less 
significant the CMA effect on the enhancement of the load bearing capacity and 
hence the reliability index. When the beam is heavily strengthened with FRP 
reinforcements, such effect due to CMA can be ignored. This can also be found 
from Figure VI.5a,b. Similar conclusions apply to the effect of the FRP modulus. 
This is straightforward as the FRP ratio and modulus are the multipliers of the 
FRP’s internal stress resultant which contributes to the resistance of the beam. 
However, it can be said that the ultimate strain of the FRP nearly has no effect on 
the reliability indices, as shown in Figure VI.5c. This is because in this chapter, as 
indicated in Chapter IV, only the dominant concrete failure mode is considered. 
 
For steel properties, on the one hand, the dependency of the reliability indices 
decreases to a negligible level with increasing steel ratio (Figure VI.6a). The reason 
of this decrease is similar to that of the effect of the FRP ratio. On the other hand, 
the yield strain has significant influence on the reliability indices. The larger the 
yield strain (in the range 0.20 - 0.30%), the higher the reliability indices (Figure 
VI.6b). This is attributed to the fact that, for the given failure modes considered, in 
a certain range of the yield strain (e.g. 0.20 - 0.30%) the resistance from the steel 
reinforcement increases with increasing yield strain. 
 
(a) 
 




(b) 
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Figure VI.7: Effects of concrete properties. (a) concrete strength and (b) concrete 
ultimate strain 
As indicated in Figure VI.7, the reliability indices increase when the used concrete 
has higher strength or lower ultimate strain. This is because on the one hand, a 
higher concrete strength leads to a higher compressive force which has positive 
effect on the CMA effect; on the other hand, a higher value of the concrete ultimate 
strain gives rise to a higher ultimate deflection at which CMA is fully activated. 
However this ultimate deflection has an adverse effect on the CMA effect. 
 
 
Figure VI.8: Effects of geometric properties. (a) span-to-depth ratio, (b) 
longitudinal restraint and (c) longitudinal restraint ( = 0.55) 
(a) 
 




(b) 
(a) 
(b) 
(c) 
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Also the effects of the geometric properties on the reliability indices were 
examined, as shown in Figure VI.8. It is observed that the span-to-depth ratio has 
a negligible effect on the reliability index. With respect to the effect of the 
longitudinal restraint, it is found that when the longitudinal restraint is small 
enough (e.g. smaller than 1×103 kN/m in this study) CMA cannot be activated, and 
when the longitudinal restraint is relatively large the CMA effect increases with 
increasing restraint and finally no increase can be found when the restraint is large 
enough (e.g. 5×104 kN/m in this study), as shown Figure VI.8c. This explains the 
trend of the reliability indices with respect to longitudinal restraint in Figure VI.8b 
and is consistent to the conclusions in Chapter IV. 
 
VI.5 Sensitivity analysis 
Similar to Section VI.4, four groups of properties were selected to perform a 
sensitivity analysis. Their variations are given in Table VI.4 with the default values 
in the last column and the results are shown in Figure VI.9 and Figure VI.10. 
Table VI.4: Considered variation in the sensitivity analysis with respect to 
uncertainty propagation 
Category Parameter c.o.v. / std. range default 
FRP property Young’s modulus,Ef 0.02 ~ 0.20 0.15 
 Ultimate tensile strain, εfu 0.05 ~ 0.10 0.10 
Steel property Yield strain, εy 0.02 ~ 0.10 0.02 
Concrete 
property 
Compressive strength, fck 0.05 ~ 0.20 0.15 
Ultimate compressive strain, εcu 0.05 ~ 0.15 0.15 
Concrete cover 5 ~ 20 cm 10 cm 
Geometric 
property 
Longitudinal restraint, Ka 0.02 ~ 0.10 0.15 
 
In Figure VI.9 and Figure VI.10, the subscript n denotes nominal value. Except for 
the concrete ultimate strain, a general conclusion can be drawn from Figure VI.9 
and Figure VI.10: as to be expected a larger variation of the properties considered 
attributes to lower reliability indices. The explanation is that a larger variation gives 
rise to more samples located at the lower part of the resistance distribution. For the 
concrete ultimate strain, the reliability index increases slightly with an increase of 
the variation. By analyzing the simulated data, it is found that the simulations for 
resistance for which a higher variation of the distribution characteristics was 
assumed have a larger mean value and a similar value of the c.o.v when compared 
with simulations where a lower variation was assumed. A higher variation leads to 
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more samples located at the lower and the upper tails of the distribution of the 
concrete ultimate strain at the same time. However, as indicated in Figure VI.7b, 
the resistance of the considered beam corresponding to those lower tails has a rather 
large average. In other words, a higher variation of the concrete ultimate strain 
results in more samples located at the upper part of the resistance distribution, 
which contributes to higher reliability indices. 
 
Furthermore, Figure VI.9 and Figure VI.10 also illustrates that the variations of the 
concrete strength, the FRP modulus as well as the concrete cover have a significant 
influence on the reliability index; the variations of the ultimate strain of FRP, the 
yield strain of steel reinforcement and the ultimate strain of concrete have a 
moderate influence on the reliability index; and the effect of the variation of the 
longitudinal restraint on the reliability index can be ignored. 
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Figure VI.9: Sensitivity analysis: characteristics of materials. (a) FRP modulus, (b) 
FRP ultimate strain, (c) steel strength and (d) concrete strength. 
 
 
(a) = 190 GPa (b) = 1.5% 
 




(c) = 0.25% 
 




(d) = 30 MPa 
(e) = 0.35% 
 




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Figure VI.10: Sensitivity analysis: characteristics of geometries. (a) longitudinal 
restraint and (b) concrete cover. 
 
VI.6 Partial factor for FRP strength 
As mentioned previously, one of the objectives of this chapter is to calibrate the 
partial factor for FRP strength when considering CMA. To meet this goal, the 
calibration procedure proposed e.g. in (Ditlevsen and Madsen 1996) can be 
adopted. This procedure mainly includes the definition of a design space, the 
definition of a target of the calibration, the definition of a penalty function and 
optimization. As shown in Table VI.5, two rather extreme nominal values (A and 
B) were chosen for each variable in order to describe the design space. Meanwhile, 
three most probable load ratios, namely 0.3, 0.5 and 0.6 were selected for the 
following calibration. Hence, the design space comprises a total of nc = 212 × 3 = 
12288 design cases. Note that in case the partial factors considering CMA are 
calibrated, it is believed that the longitudinal restraint is stiff enough to enable the 
activation of CMA, otherwise the designed members based on such partial factors 
would be unsafe. Furthermore, the sensitivity analysis in Section VI.5 shows that 
the variation of longitudinal restraint is negligible. Therefore, the longitudinal 
stiffness Ka due to the surrounding structure is not considered as a variable for 
calibration (Ka = 1 × 106 kN/m is used). 
 
The calibration aims at achieving a constant target reliability level. In consistence 
with Eurocode 0 (CEN 2002) and fib bulletin 14 (2001), a target reliability index, 
T, of 3.8 for a reference period of 50 years was adopted in this study. The average 
square of the difference between the obtained indices and the target index is defined 
as the penalty function 
F
V , as shown in Equation (VI.9) 
(a) = 1×106 kN/m (b) = 35 cm 
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in which i is the obtained reliability index for design case i; 1/nc can be seen as a 
constant importance weight for all the design cases (Shi et al. 2015). To obtain the 
best partial factor of FRP strength considering CMA, values ranging from 1.1 to 
2.0 for 
F  were selected to evaluate the reliability indices among the design space. 
The penalty is calculated for each value of 
F , as shown in Figure VI.11. 
Table VI.5: Statistical parameter of design variables in calibration 
Variable 
X (unit) 
Distribution type 
Nominal value (Xn) Mean 
X 
Std., X 
A B 
l (m) Deterministic 5 10 - - 
b (mm) Deterministic 200 500 - - 
h (mm) Deterministic 1.25b 2.0b - - 
r (-) Deterministic 0.2 0.5 - - 
as (mm) Beta* 20 40 Xn 10 mm 
fck (MPa) Lognormal 20 45 Xn+2 0.15X 
cu (-) Lognormal 0.30% 0.35% Xn 0.15X 
fyk (MPa) Lognormal 280 500 Xn+2 30 MPa 
s (-) Deterministic 0.5% 1.5% - - 
f (-) Deterministic 0.06% 0.27% - - 
fu (-) Weibull 0.8% 2.0% Xn+2 0.10X 
Ef (GPa) Lognormal 200 400 Xn 0.05X 
* Lower bound a = 0; upper bound, b = 3X. 
 
Figure VI.11: Average least square analysis in calibration 
 
As expected, the penalty 
F
V  initially decreases to the lowest point and 
subsequently increases with the increase of the partial factor. In order to achieve 
an average reliability (T = 3.8), a partial factor of 1.65 might be a good choice for 
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economical designs of FRP strengthened concrete beams in the consideration of 
CMA. 
 
VI.7 Summary 
− The reliability analysis shows that the effect of CMA on the reliability 
indices (for a reference period of 50 years) of FRP strengthened concrete 
beams is significant. To simplify the reliability analysis of a CMA based 
model, the resistance uncertainty can be combined with the model 
uncertainty and the variable after combination can be substituted by a 
lognormal variable. 
− The parameter study shows that the effect of FRP ratio decreases with 
increasing values of the ratio. However, if the beam is heavily 
strengthened with FRP reinforcement, such decrease is negligible. A 
similar conclusion applies to the FRP modulus and steel ratio except that 
the effect of the steel ratio is less significant than that of the FRP ratio. It 
is interesting to point out that the ultimate strain of FRP nearly has no 
effect on the resulting reliability index as the failure modes considered in 
this chapter are determined by concrete crushing. For the yield strain of 
steel reinforcement as well as the concrete strength, an increase of the 
factor gives rise to an increase of the resulting reliability index. However, 
the opposite conclusion applies to the effect of the ultimate compressive 
strain of concrete and span-to-depth ratio. In addition, the longitudinal 
restraint has a significant positive effect on the reliability index in case 
CMA cannot be fully activated. 
− Variations of concrete strength, concrete cover, FRP modulus, ultimate 
strain of FRP, yield strain and longitudinal restraint were selected to 
conduct a sensitivity analysis with respect to uncertainty propagation. 
Generally, an increase of variation of one of the variables causes a 
decrease of the reliability index, which applies to all factors considered 
except for the ultimate compressive strain of concrete. For concrete 
strength, FRP modulus and concrete cover, an increase of variation 
significantly decreases the reliability index; for the ultimate strain of FRP 
and yield strain, an increase of variation moderately decreases the 
reliability index; and the effect of the longitudinal restraint’s variation on 
the reliability index could be ignored. However, the increasing variation 
of the ultimate strain moderately increases the reliability index. 
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− With the results of the parameter study and the sensitivity analysis, a 
design space consisting of 12288 design cases in total were selected to 
calibrate the partial factor of the FRP strength in the scope of European 
guidelines. The average square of the difference between reliability 
indices and the target reliability index (i.e. 3.8) is adopted to quantify the 
calibration efficiency. It is found that this average square decreases with 
respect to the partial factor from 1.1 to 1.65 and increases from 1.65 to 
2.0. Therefore, a value of 1.65 is chosen as the partial factor of FRP 
strength in the design of FRP strengthened concrete beams in case the 
CMA effect is taken into account. 
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VII.1 Introduction 
Quantifying and assessing robustness is challenging and complex because it is 
related not only to the structure but also to its surrounding environment. As is 
introduced and reviewed in Chapter III, robustness has been quantified and 
assessed by many researchers from various points of view. Robustness can be 
interpreted purely as an internal property of the considered structure, or as a 
property related to the structure and its surrounding environment. Further a 
probabilistic assessment of robustness becomes possible if uncertainty is taken into 
account. Therefore, as shown in Chapter III, the methodologies to assess robustness 
can be divided into four categories relating to: an internal structural property, 
structural performance (response), probability/reliability, and risk. This 
categorization clearly gives possibilities from internal to external on how 
robustness could be assessed, however, it also poses difficulties to robustness 
assessment as different adoptions of methodologies give rises to different 
interpretation as well as different robustness indicators. Moreover, as mentioned in 
Chapter III, by adopting the systematic and promising risk-based robustness 
methodology as the main consideration in this thesis, there still exist some 
limitations: the influence from deterioration on structural robustness is needed for 
further research; activities within the service life of a structure including health 
monitoring, maintenance and/or repair, rehabilitation, strengthening, replacement 
and retrofitting should be considered in the assessment of robustness. These 
considerations are meaningful especially in cases where FRP strengthening is 
needed. 
 
In this chapter, deteriorations and activities in the lifetime of structures are 
considered as time-dependent variables and are incorporated into the risk-based 
framework for robustness quantification.  
 
VII.2 Time-dependent considerations 
In COST Action ‘Robustness of structure’ (Canisius 2011), it is believed that 
effects of quality control and structural durability (e.g. deterioration) on robustness 
are significant. It claims that in current code based design practices the 
considerations of quality control and deterioration are separated from the 
component-based standard code format and the robustness requirement as shown 
in Figure VII.1. Unfortunately, in the work of Canisius (2011), the detrimental 
effects of lack of quality control and deterioration on robustness are not quantified 
and only prescriptive measures to prevent quality related problems are provided. 
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Code based design 
 
Standard Code Format – Component based 
- Safety format 
- Design equations 
- Enveloping loads 
- Load combinations 
- Material characteristics 
- Characteristic values / partial factors / load combinations factors 
- etc. 
 
Robustness requirement - System based 
 
Quality control requirements   - human errors 
Inspection & maintenance        - deterioration 
Figure VII.1: Position of quality control and durability in code-based design 
(Canisius 2011) 
 
Furthermore, in the service time of a structure, besides deteriorations other possible 
activities including monitoring, maintenance/repair, strengthening/rehabilitation 
and/or retrofitting might also have impacts on the robustness of the structure and 
should be considered. Before the introduction to how these considerations can be 
accounted for in robustness assessment, the possible situations in which robustness 
assessment is carried out in the lifetime of structure before demolishing are given. 
 
At the starting point of the lifetime of a structure, a robustness design should be 
first made with postulated scenarios in the design process. After it is constructed 
under quality control, its robustness should be verified with the same scenarios and 
then put into use. In the later service time of this structure, as shown in Figure VII.2 
following situations may occur: 
 
− Case A: By regular maintenances and/or repairs the structure is kept in 
good state and no extra demands arise with respect to its functionality.  
− Case B: Its functionality keeps unchanged but in general its capacity to 
resist external actions decreases due to adverse events. The decrease 
could be attributed to degradations such as deteriorations of steel 
reinforcements, unexpected events like earthquakes and collisions of 
trucks and ships, and/or low quality maintenances and human errors. To 
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restore the structure measures such as rehabilitation and/or strengthening 
are needed. 
− Case C: Its functionality is changed due to the changes of demands and/or 
design regulations. In this situation, the structure should be redesigned 
with robustness requirements and retrofitted to fit such changes.  
 
Case A is the expected situation in the design process and the structure is believed 
to be almost as robust as it is originally constructed. Therefore in this case no extra 
work with respect robustness assessment is needed. This will be discussed later via 
an illustrative example. 
 
For Case C, it should be noted that the redesigned and retrofitted structure is 
significantly different from the original structure from the perspective of robustness 
assessment. This is because in the robustness assessment of the latter structure the 
considered events (exposures) and the mechanisms of consequence propagations 
might be totally different from that considered for the original structure. Therefore 
it makes little sense to believe that the robustness assessment of the redesigned 
structure is a part of the lifetime evaluations on robustness for the original structure 
and will not be considered in this chapter. 
 
In Case B, a rehabilitation and/or strengthening should be carried out and the 
robustness issue of the rehabilitated or strengthened structure should be checked 
again for scenarios adopted in the design process. The reason why these scenarios 
are chosen is that the structure of unchanged functionality is theoretically subjected 
to the same accidental events and therefore the same scenarios. The users or 
stakeholders make decisions on how robust the rehabilitated or strengthened 
structure should be. This new robustness requirement is verified at the end of the 
rehabilitation or strengthening. 
 
For Case B, it can be seen that at the time t when the robustness is to be assessed 
the structure is subjected to two types of events or exposures:  
− Event E0: postulated scenarios adopted for the robustness design in the 
design period (t = 0) or for the robustness verification at the time the 
structure is constructed (t ≈ 0), e.g. a removal of a central column in a 
frame; and 
− Event Et: event reasoning the decrease of the structural resistance at time 
t in the lifetime range of the structure, e.g. the corrosion of steel 
reinforcements. 
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Figure VII.2: Time-dependent variation of structural robustness 
 
Robustness design 
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VII.3 Incorporation of time-dependent considerations 
into robustness quantification 
As mentioned in Chapter III, the risk-based methodology conditional on scenarios 
is promising for robustness quantification. By referring to Equations (III.16) to 
(III.18), the structural robustness 
0rob|E
I  at time t = 0 in the design process can be 
written as: 
 
0
0
rob
0 0 0 0
0 0
( )
( ) ( ) ( )
1
         =
1 ( )
E
P D E
I
P D E P F D E P D E
P F D E



   
  
  (VII.1) 
by defining 
 Ind,0
0
Dir,0
C
C
    (VII.2) 
where 0 is the ratio of the indirect consequence CInd,0 at t = 0 to the direct 
consequence CDir,0 at t = 0 . 
 
Similarly at time t the structural robustness under events E0 and Et is quantified as: 
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(VII.3) 
by defining that 
 Ind
Dir
( )
( )
( )
C t
t
C t
    (VII.4) 
with CDir(t) and CInd(t) being respectively the direct and indirect consequences at 
time t. Considering a constant value of money, the ratio of the indirect and direct 
costs, excluding the contribution of maintenance costs, can be considered as time-
independent, which results in: 
 Ind 0
Dir Dir,0
( ) ( )
( )
( )
mC t C tt
C t C
      (VII.5) 
In case during the planning stage the annual budget for maintenance and/or repair, 
inspection etc. is fixed as Cm1, the total maintenance cost Cm(t) can be expressed as 
(Frangopol et al. 1997): 
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r
 
   (VII.6) 
It is reasonable to believe that the direct (or indirect) consequences for a structure 
in service keep approximately constant under a given scenario if inflation is 
neglected. 
 
In case FRP strengthening is applied, another event Es can be defined and in a 
similar way the structural robustness index with FRP strengthening to restore the 
structure 
0rob| t sE E E
I    can be evaluated, which will be further elaborated in the case 
study in Chapter VIII. 
 
Note that the second form of robustness index on the right in Equation (VII.1) only 
holds for the situation where only one exposure is taken into account, otherwise the 
form on the left hand-side should be used. This rule also applies to Equation (VII.3)
. Further the terms of probability e.g. 
0( | )tP D E E  are time-dependent as the 
event Et is time-dependent. 
 
Given Equations (VII.3) and (VII.5), the robustness at any time in the lifetime of a 
structure can be quantified. It is true that such assessment is facilitated by statistics 
of scenarios and consequences collected by prevention agencies or other 
researchers. Nevertheless, the incorporation of time-dependent variables into 
robustness quantification proposed here provides practitioners a possibility that in 
current code based design practices deteriorations can included in treatment of 
robustness requirement. 
 
VII.4 Illustrative example 
In order to illustrate how the time-dependent effects like deteriorations can be 
implemented in robustness assessment, a notional three-story steel framework 
office building near a harbour with four bays in each of the two orthogonal 
directions is taken for example. The ground floor is designed for parking and the 
above two stories are planned for offices. The span of each bay is assumed to be 
equal to the height of each story. Note that in this illustrative example several 
assumptions with respect to the failure probability are made. These assumptions, 
however, are just adopted to illustrate the necessary components to calculate the 
robustness indicators and a more refined example will be given in Chapter VIII. 
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The structure is designed according to Eurocode approach. The system failure 
probability is assumed to be 3.0 × 10-5. In the design process, a scenario considering 
that the central column on the ground floor might be damaged and can be seen as 
removed due to accidental events like car collisions is assumed. The robustness 
assessment in the design process i.e. t = 0 and after the structure is used for e.g. ten 
years are carried out, with results shown in Table VII.1. 
 
First the robustness in the design process is quantified. By assuming the direct 
consequence is proportional to the damaged volume, then the direct consequences 
due to the removal of a central column is 1/48 times the total construction cost 
(Creconstruction) i.e. CDir,0≈ 1/48 Creconstruction = 0.021 Creconstruction. The indirect cost due 
to the failure of the structure can be estimated approximately according to the 
method shown in Faber et al. (2004). Herein the indirect consequence is assumed 
to be 5 times the total construction cost i.e. CInd,0 = 5 Creconstruction by referring to an 
office case study by Droogné et al. (2016). The ratio of indirect to direct 
consequences is 0 = 238.1. By probabilistic modelling, the failure probability of 
the structure can be obtained under the removal scenario. In this example this 
failure probability is assumed to be 3.0 × 10-3.According to Equation (VII.1) the 
robustness is calculated as 
0rob|E
I  = 0.583. 
 
Table VII.1: Robustness assessment of a notional steel frame 
Variable (x) t = 0 t = 10 years 
10 0
0
t t
t
x x
x
 


  
CDir/Creconstruction 0.021 0.021 N/A 
CInd/Creconstruction 5.000 5.229      4.58% 
 238.10 249.00      4.58% 
0( )P F D E  3.0 × 10
-3 2 × 10-2      666% 
robI  0.583 0.167      71.3% 
RI 99 199      101% 
R 6.91 1.93      72.1% 
V 0.01 0.02      100% 
 
Further consider the robustness after the structure has been used for ten years. As 
it is an nearshore office building, although routine maintenance is guaranteed the 
deterioration is severe and is detrimental to the structure especially to the structural 
member on the ground floor. The failure probability of the structure under the 
removal scenario after deterioration is 2.0 × 10-2. Assume that the average net 
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growth rate is 3%. Then the direct consequence is estimated as 0.028 Creconstruction 
according to Equation (VII.4). The annual maintenance cost for existing non-
offshore structures like bridges is about 1% of the initial cost (Zhang et al. (2008)). 
For nearshore structures a higher expected value is used and e.g. 2% is adopted 
here. Then the indirect consequences can be calculated according to Equation 
(VII.4) i.e 5.229 Crecontruction. The ratio of indirect to direct consequences is further 
obtained i.e. (t) = 249.00. Based on Equation (VII.3) the robustness index after 
10 years can be obtained. It is found that the robustness index ten years later 
0rob|E
I  
decreases to 0.167. 
 
According to Equation (VII.3) it is found that the ratio of indirect to direct 
consequences affects the robustness index significantly. However, in this 
illustrative example this ratio does not change sharply with time and the decrease 
of the robustness index after ten years is mainly attributed to the increase of failure 
probability of the structure i.e. 
0( | )tP F D E E  . Therefore for cases where by 
regular maintenances and/or repairs a structure is kept in good state and no extra 
demands arise with respect to its functionality (Case A in Section VII.2), the 
structure is believed to be almost as robust as it is originally constructed and no 
measures related to robustness are needed. 
 
For reference purpose, the robustness indicators proposed by Frangopol and Curley 
(1987) and Fu and Frangopol (1990) i.e. the structural redundancy factors RI and 
R, and V proposed by Lind (1995) i.e. the vulnerability indicator are also presented 
in Table VII.1. The redundancy factors in the design process are 99 and 6.91, 
respectively. To obtain the redundancy factors after deterioration, the failure 
probability of the (intact) structure after deterioration is needed. It is believed that, 
for either the intact structure or the damaged structure, the failure probability 
increases if any deterioration occurs. Assume that the increase of the failure 
probability due to deteriorations of the intact structure is a half of that of the 
damaged structure. This assumption is crude yet possible since it is logical to 
believe that, subjected to the same portion of degradation, a stronger structure has 
a lower increase of the failure probability. Then the redundancy factors after ten 
years are calculated as 199 and 1.93, respectively. Also the vulnerability indicator 
are obtained as 0.01 and 0.02 for cases with and without the considerations of 
deterioration, respectively. By analysing the differences of variables in the first 
column in Table VII.1 between the states in the design process and in service after 
ten years, it is found that the indirect consequence increases faster than the direct 
consequence due to the consideration of costs for maintenance and/or repair. By 
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comparing the variation within each robustness indicator (difference between the 
indicator value at t = 0 and t = 10 years), it is observed that for this specific example 
the variation of the risk-based indictor is comparable to that of the reliability based 
redundancy indicator, and that the variation of the probability based redundancy 
indicator is comparable to that of the vulnerability based indicator. However, the 
probability based redundancy indicator ( or the vulnerability based indicator) is 
more sensitive to deteriorations than the risk-based indicator (or the reliability 
based redundancy indicator). 
 
 
VII.5 Summary 
 
− Current robustness frameworks have limitations with respect to the 
influence of deterioration on structural robustness and to the effects of in-
service activities such as maintenance and/or repair on structural 
robustness. 
− The deterioration to a structure as well as the in-service activities can be 
modelled as time-dependent variables. More specifically, they are 
modelled as a time-dependent event Et. 
− The considerations of deterioration as well as in-service activities can be 
incorporated into the risk-based methodology for robustness 
quantification An illustrative example is given and the widely adopted 
robustness indicators are used to quantify its robustness before and after 
deterioration occurs and comparisons between these indicators are made. 
  
  
 
150 Chapter VII   
 
 
   
 
CHAPTER VIII 
 
QUANTIFICATION OF THE 
INFLUENCE OF FRP 
STRENGTHENING ON ROBUSTNESS 
OF CONCRETE STRUCTURES 
________________________________ 
 
 
 
 
 
 
 
 
 
 
 
  
  
 
152 Chapter VIII   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Quantification of the influence of FRP strengthening on robustness of concrete structures 153 
 
VIII.1 Problem description 
The method described in Chapter VII for quantification of the robustness of 
concrete structures is further applied in this chapter using a refined example 
illustration. A three-storey concrete plane frame is considered. The lay-out of the 
structure and the numbering of each component are shown in Figure VIII.1. Each 
bay of the frame is 5 m wide and the height of each storey is 4 m.  
 
  
 
Figure VIII.1: Skeleton of the considered structure: geometry and applied loads 
(left) and deformed shape of structural members under applied loads in case Pi = 0 
(right). 
 
This plane concrete frame could be seen as a part of an office building. The distance 
between two adjacent frames is 6 m. The building is designed for offices and is 
constructed using concrete elements like beams, columns and slabs. The thickness 
of the slabs for all floors is 150 mm. The thickness of the dividing walls supported 
by beams is 200 mm. 
 
To minimize the complexity of the problem, only vertical actions (denoted as q) 
including permanent loads and imposed loads are considered while actions due to 
wind and earthquake are not considered herein. As indicated in chapters IV and VI, 
the compressive membrane action is favourable to enhance the load bearing 
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capacity and the reliability of one-way concrete members, and correspondingly it 
is expected to enhance the structural robustness. In case where compressive 
membrane action is taken into account, the compressive forces within the 
considered members will act on the corresponding lateral members. In the example 
shown in Figure VIII.1, these compressive forces will act as horizontal forces on 
the beam-column joints and their magnitudes will depend on the lateral restraints 
(the flexural stiffness of the columns). These forces are denoted as P. All the forces 
acting on the 1st, 2nd and 3rd storey are denoted with subscripts 1, 2 and 3, 
respectively. 
 
In the design process, the permanent action includes the self-weight of the 
structural members as well as the office facilities. The normal density of reinforced 
concrete components is 25 kN/m3 and the characteristic value of the imposed load 
for office buildings is taken as 3.0 kN/m2 according to Eurocode 1 (CEN 2006). 
The characteristic values of the permanent and imposed loads acting on the primary 
beam members are respectively calculated as 36.25 kN/m and 18 kN/m. Reference 
is made to Appendix B for the calculation of the permanent and imposed loads. 
 
VIII.2 Structural design of the frame 
All the primary beams are assumed to have a cross-section of 200 mm × 500 mm. 
For detailing purpose, the section width (normal to the frame plane) for all columns 
is set at 300 mm. The section depth for all columns is initially assumed to be 400 
mm. Based on the characteristic values of the considered actions, the frame is 
designed according to the Eurocodes. In this specific case, the design considering 
safety and economy is governed by Equation (6.10a) in Eurocode 0 (CEN 2002). 
With the design values of the loads shown in Figure VIII.1, the internal forces 
including bending moments, shear forces as well as axial forces can be obtained 
via linear analysis, as shown in Figure VIII.2. Note that in the structural analysis 
all the primary beams are fully loaded for the purpose of this example illustration 
and possible different configurations of imposed loads are not considered. The 
baseline design for each structural element according to the code standard safety 
format is then carried out in accordance with Eurocode 2 (CEN 2004). In the design 
process, steel bars with characteristic yield stress of 500 MPa and type C30/37 
concrete are adopted. A concrete cover of 35 mm on axis distance (see Figure 
VIII.3) for all sections is assumed. 
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For beam components subjected to flexure and shear, an ultimate limit state design 
for flexure is carried out for a section to resist separately the maximum sagging and 
hogging moments in Figure VIII.2a and then the shear bearing capacity is checked. 
Also the serviceability limit states with respect to deflections and crack widths are 
verified. The design result for a beam section is shown in Figure VIII.3a with 5  
20 steel bars throughout the member length and stirrups ( 10) at 150 mm spacing. 
 
 
(a) Moment (kN·m) 
  
(b) Shear force (kN) (c) Axial force (kN) 
Figure VIII.2: Design values of internal forces for structural design: (a) bending 
moment, (b) shear force and (c) axial force. 
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The column members are subjected to mainly bending moments and axial forces. 
The method considering the interaction is adopted. As shown in Figure VIII.3b, the 
designed columns in the first and the second floors are reinforced with one  20 
steel bar at each corner. As the outer columns in the third floor have to resist 
significant bending moments to balance the bending moments in beams, the 
columns in the third floor are reinforced with one  25 steel bar at each corner. The 
configuration of stirrups for beams also applies for the columns. Furthermore, as 
the focus of Chapter VIII is among others to analyse the influence of compressive 
membrane action in a failure mode where flexural capacity is dominating, the 
beams are further strengthened in order to prevent shear failure in the beam for the 
damaged situation. The final design for which the example is elaborated is 
illustrated in Figure VIII.3. 
 
 
Figure VIII.3: Final design results: (a) beam section and (b) column section (on the 
1st and 2nd floors) 
 
VIII.3 Failure criterion 
It has been pointed out in Chapter VII that one of the main tasks to quantify 
robustness is to assess the system failure probability of a structure. Since collapse 
has been chosen as a basis for defining failure, it should be determined which 
phenomenon i.e. failure criterion is appropriate as an indicator of structural 
collapse. Particular difficulties in quantitatively determining a failure criterion arise 
from the fact that the meaning of collapse of an entire structure is unclear. It is well-
known that failure of a member can be defined as its incapability to sustain the 
external loads to which it is subjected. On the one hand, a column fails when it 
cannot resist the sustaining loads. For a frame structure consisting of beams, 
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columns and slabs, it is also clear a column failure might lead to failure of its 
adjacent beams and slabs and the loads sustained by the failed column will be 
resisted by other members. If the other components cannot sustain the loads, then 
the structure collapses. On the other hand, a beam failure could be seen as a local 
failure and does not necessarily trigger the failure of the frame. Therefore, for frame 
structures it is of significance to define the system failure and clarify the 
relationships between the system failure and the failures of structural members. 
 
VIII.3.1 The beta-unzipping method 
In general, by performing a static analysis of a structure a linear relationship 
between the internal forces and the external loads can be assumed. At this point the 
failure probabilities of the structural members can be evaluated from the applied 
loads and resistance statistics using e.g. the first-order reliability method (FORM). 
Unfortunately, almost all real structures are statically indeterminate and therefore, 
failure of one member results in a redistribution of the internal forces and the 
structure might survive due to the existence of several possible load paths. The 
(complete) failure or collapse of a structural system normally occurs after failure 
of several members. The several members fail progressively and their failures form 
a failure sequence. Clearly there is a large number of such sequences of member 
failures constituting the failure modes. The structure can be viewed as a series 
system of parallel subsystems. Each of the systems in series is a failure mode, while 
each subsystem is a member of the member failure sequence. After evaluating the 
failure probability of the first member in the sequence, the member is removed (in 
case of brittle failure) or replaced by forces or moments (in case of ductile failure) 
equal to that at the failure of the member. The damaged structure can be analysed 
again and the corresponding failure probability of each member can be evaluated. 
Then the joint probability of the failure of two members can also be evaluated. This 
progressive procedure can be continued until a mechanism level is reached. The 
failure probability of the structure is the probability of the union of the failure 
events of each failure mode. In principle, the procedure mentioned above can be 
used to estimate the system reliability. However, the number of failure modes for 
even a simplified real structure (e.g. the plane frame in Figure VIII.1) is extremely 
large, thus making the analysis practically impossible or at least time consuming in 
case of the aid of finite element methods. Alternatively, to obtain a reasonable 
estimate of the system reliability methods such as the branch-and-bound method 
and the beta-unzipping method can be adopted (Thoft-Christensen and Murotsu 
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1986). These methods are based on consideration of only the most critical paths 
and are briefly described in the following. 
 
The main characteristic of the branch-and-bound method is the procedure for the 
identification of the failure sequences which are the most probable to occur and the 
evaluation of upper and lower bounds for each failure sequence. At each step, the 
failure sequences whose probability of occurrence are lower than a fraction of the 
failure probability of the most likely to occur path are disregarded. Although this 
method considers all critical failure sequences and is rigorous for system reliability 
analysis, it is not adopted herein because the computational effort required for the 
analysis of a real complex structure is generally high (Thoft-Christensen and 
Murotsu 1986). 
 
In the beta-unzipping method the system failure probability can be estimated at 
different approximation levels by choosing different number of members 
considered in each failure sequence.  The system failure probability is obtained at 
the nth level if n elements are considered in each parallel subsystem. All parallel 
subsystems are linked together to form a series system and the system failure 
probability is the failure probability of the series system. For instance, the system 
failure probability at zero level is defined as the maximum of the probabilities of 
failure of all structural members. In each step of the progressive procedure, only 
members with failure probabilities higher than a certain level (determined by the 
user) are considered. The beta-unzipping method is adopted in this chapter by 
considering the fact that the user has control on the accuracy and the required 
computational effort by discarding failure paths and limiting the level of the 
analysis. 
 
As indicated in Thoft-Christensen and Murotsu (1986), in the beta-unzipping 
method at zero level each element is considered isolated from the other elements 
and the interaction between the elements is not taken into account. To estimate the 
failure probability of a structural system more satisfactorily, the beta-unzipping 
method can be used at level 1, where the possibility of failure of any failure element 
is accounted for by modelling the system as a series system. The failure probability 
of this system is estimated on the basis of the failure probability of each element 
and the correlations between these elements. For accuracy purposes, the system 
failure probability can be estimated using the beta-unzipping method at high levels 
but in general analysis beyond level 3 is of minor necessity (Thoft-Christensen and 
Murotsu 1986). Note that it is not the objective of this chapter to accurately quantify 
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the failure probability of structural systems. Therefore, the beta-unzipping 
modelling at level 1 is adopted in balancing the considerations of simplicity and 
accuracy.  
 
In this chapter, the (crude) Monte Carlo simulation technique is used to calculate 
the failure probability of the considered structural system. More specifically, the 
limit state function of each structural element is first obtained by structural linear 
analyses. The considered random variables (including variables of material 
properties, load properties as well as geometrical properties) are then sampled and 
the failure probability of each structural element is obtained according to the 
corresponding limit state function. Also the correlation coefficient between every 
two elements can be evaluated with the limit state function of each element. Then 
the failure probability of the elements and the correlations between these elements 
are used to calculate the failure probability of the system using the beta-unzipping 
method at level 1. 
 
In case where the Monte Carlo simulation technique is used, it is interesting to point 
out that the failure probability of the considered structural system can also be 
obtained directly from simulations. In this ‘direct’ method, a structural linear 
analysis is performed for the considered structure in each simulation. The structure 
is considered to fail in case at least one failure with respect to structural elements 
is found. More specifically, during the simulations the random variables (including 
variables of material properties, load properties as well as geometrical properties) 
are first sampled. Then the results of the variables in each realization are taken as 
the basis for the following structural linear analysis. If one or more failures are 
found in structural components, then the structure in this realization is considered 
to fail. It is found that the results of the considered system failure probability from 
the ‘direct’ method are comparable with that from the beta-unzipping method at 
level 1, which will be further illustrated via an example in Section VIII.4.1.  
 
VIII.3.2 Failure elements in the intact structure 
For the intact frame structure shown in Figure VIII.1, each structural element is 
assumed to have one failure mode. As shown in Figure VIII.2, each beam is 
subjected to bending moments and shear forces at its ends and to a negligible axial 
force. Figure VIII.5 shows an example of beam No. 4. Theoretically, flexural 
failure or shear failure might occur in each beam. As will be shown in Section 
VIII.5.4, the effect of compressive membrane action on structural robustness is 
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quantified using the same structure adopted herein. Because only the flexural 
failure is considered when compressive membrane action is taken into account, as 
pointed out in Chapter IV, only flexural failures are considered herein for 
consistency purposes while shear failures can be ignored by assuming adequate 
shear design (Figure VIII.3).  
 
Since columns are subjected to compression (No. 2, 7 and 12) or an interaction of 
bending moment and axial force (e.g. No. 1, 5 and 10), the failure of a column is 
determined by the state of its section, as shown in e.g. Figure VIII.6. According to 
Eurocode 2 (EN 2004), it is found that the second order effects are negligible for 
all columns (
max lim,min21.0 48.3     ). Hence the limit state for a column 
section is governed by the interaction curve of the column: if the couple of design 
values of moment and axial force is located within the interaction curve the column 
does not fail; otherwise the column fails. Note that the failure of columns due to 
shear is neglected since the shear force for each column is relatively small 
compared to the corresponding shear resistance. 
 
Mathematically, the limit state of a structural element (a beam or a column) is 
defined as: 
 
3
1
i i ij j
j
G R a q

    (VIII.1) 
where Gi is the safety margin of the ith (i = 1,2,….15 for the intact frame) element; 
Ri is the resistance of the ith element; aij is the load effect coefficient for the ith 
element due to the jth external distributional load qj. The failure probability of each 
element can be obtained using widely adopted methods e.g. the FORM method or 
simulation techniques used in Chapter VI. 
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Figure VIII.4: Failure element notations of the frame structure. (a) intact structure 
and (b) damaged structure. 
 
 
Figure VIII.5: Design actions for beam No. 4 
 
 
Figure VIII.6 Design actions for Column No. 3 
M0 = 149.4 kNm 
VEd0 = 176.9 kN 
NEd0 =12.3 kN 
M1 = 122.4 kNm 
VEd1 = 166.1 kN 
NEd1 = 12.3 kN 
q = 68.6 kN/m 
NEd = 499.6 kN 
M02 = 53.1 kNm 
NEd = 499.6 kN 
M01 =26.9 kNm 
10                          12                          13 
1                            2                            3 
5                            7                            8 
4                          6 
14                       15 
9                         11 
1                                                        3 
5                            7                            8 
10                         12                         13 
          (a) Intact structure                                        (b) Damaged structure 
4                          6 
9                          11 
14                          15 
  
 
162 Chapter VIII   
 
 
VIII.3.3 Failure elements in the damaged structure 
If a central column removal scenario is assumed, then the frame system resists the 
central column removal and a redistribution occurs, as for example shown in Figure 
VIII.7. In this situation, the structural elements of the damaged structure are shown 
in Figure VIII.4b. 
 
(a) Moment (kN·m) 
  
(b) shear force (kN) (c) Axial force (kN) 
Figure VIII.7: Design internal forces under a central column removal: (a) moment, 
(b) shear force and (c) axial force 
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It can be seen from Figure VIII.7 that after the assumed column removal the central 
columns in upper storeys are subjected to axial forces and negligible shearing 
forces. This means that the beams at each storey can be seen as a two-span long 
beam. Each such a two-span beam is restrained at both its ends by springs with 
specific lateral stiffness and rotational stiffness and subjected to vertical distributed 
loads and a point load at its center. Due to the existence of the intermediate support, 
such a two-span beam is deemed to have two failure elements i.e. the left span and 
the right span elements. The failure of each element is triggered if the flexural load 
bearing capacity is smaller than the corresponding load effect (shear failure is 
neglected). For columns, according to Figure VIII.7, each column within a storey 
mainly resists moments at its ends as well as an axial force, and hence the failure 
criterion for columns is the same as for the case of the intact frame. Regarding the 
limit state function for each element, Equation (VIII.1) can also be used in this 
situation. 
 
As mentioned in Section VIII.1, in case compressive membrane action (only in 
beams) is considered, the generated compressive forces are seen as a horizontal 
force acting on the beam-column joints at which they are located. In this case, the 
mathematical form of the limit state function for each failure element is rewritten 
as:  
 
3 3
1 1
i i ij j ij j
j j
G R a q b P
 
      (VIII.2) 
where Gi is the safety margin of the ith (i = 1,3,4,….15 for the damaged frame) 
element; Ri is the resistance of the ith element; aij (or bij) is the load effect coefficient 
for the ith element due to the jth external distributional load qj (or Pi). The load effect 
coefficients for all elements in the intact (damaged) structures are given in Table 
VIII.1 to Table VIII.4 with values regarding the damaged state in parenthesis. Note 
that for symmetry reasons, values of only part of the structural elements are 
provided here. 
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Table VIII.1: Load effect coefficients for beam elements in the intact (damaged) 
structures 
i ai1 ai2 ai3 bi1 bi2 bi3 
4 
3.933 0.200 -0.016 0.000 0.003 0.000 
(3.837) (4.559) (4.567) (0.000) (0.020) (-0.014) 
9 
0.047 3.914 0.292 -0.038 0.000 0.009 
(4.835) (3.888) (5.077) (-0.032) (0.000) (0.000) 
14 
-0.017 0.069 3.749 0.000 -0.030 0.008 
(3.827) (4.076) (2.856) (0.000) (-0.168) (0.012) 
 
 
Table VIII.2: Load effect coefficients for column elements in the intact (damaged) 
structures: moment at the upper section 
i ai1 ai2 ai3 bi1 bi2 bi3 
1 
0.874 -0.154 0.054 0.050 -0.020 0.000 
(1.799) (0.748) (0.994) (0.051) (-0.020) (0.000) 
5 
0.251 0.840 -0.217 -0.013 0.041 -0.015 
(1.254) (1.818) (0.802) (-0.032) (0.042) (-0.017) 
10 
0.000 0.240 1.367 0.000 -0.020 0.016 
(1.706) (1.868) (3.101) (0.000) (-0.018) (0.012) 
 
 
Table VIII.3: Load effect coefficients for column elements in the intact (damaged) 
structures: moment at the lower section 
i ai1 ai2 ai3 bi1 bi2 bi3 
1 
0.435 -0.067 0.024 0.053 -0.009 0.000 
(0.903) (0.390) (0.500) (0.054) (-0.090) (0.000) 
5 
0.778 0.126 -0.007 -0.047 0.012 0.000 
(1.964) (1.426) (1.158) (-0.047) (0.033) (-0.008) 
10 
-0.123 0.807 0.444 0.019 -0.040 0.024 
(1.114) (2.012) (1.170) (0.020) (-0.039) (0.020) 
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Table VIII.4: Load effect coefficients for column elements in the intact (damaged) 
structures: axial force 
i ai1 ai2 ai3 bi1 bi2 bi3 
1 
2.419 2.485 2.378 0.000 0.000 0.007 
(5.000) (5.000) (5.000) (0.000) (0.000) (0.000) 
2 
5.162 5.030 5.243 0.000 0.000 -0.014 
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) 
5 
0.045 2.444 2.373 0.000 -0.005 0.007 
(1.732) (4.088) (4.087) (0.000) (0.000) (0.000) 
7 
-0.090 5.112 5.255 0.005 0.011 -0.015 
(-3.465) (1.824) (1.827) (0.000) (0.008) (-0.006) 
10 
0.000 0.068 2.297 0.000 -0.006 0.000 
(0.765) (0.811) (3.071) (0.000) (-0.005) (0.000) 
12 
-0.008 -0.136 5.406 0.000 0.012 -0.010 
(-1.531) (-1.621) (3.858) (0.000) (0.011) (-0.006) 
VIII.4 Robustness quantification of RC frame 
structures 
VIII.4.1 Failure probability and reliability index 
Properties of concrete, steel reinforcement as well as model uncertainties are 
probabilistically modelled as random variables Note that for the variation of the 
elastic modulus of concrete leads to the variation of the stiffness of the frame. 
However, in case the same value of the elastic modulus of concrete is applied to all 
structural members, the load effect coefficients (aij and bij in Equations (VIII.1) and 
(VIII.2)) can be guaranteed being constant. For the statistics of these probabilistic 
models for the random variables, reference is made to Section VI.3. For external 
actions, the permanent load is modelled as a normally distributed variable and the 
imposed load is modelled as a Gumbel variable. As already mentioned in Section 
VIII.1, for this specific example the characteristic value of the permanent load is 
36.25 kN/m and the characteristic value of imposed load is 18 kN/m for all beams 
(the reference period is 50 years). The coefficients of variation are 0.1 and 0.6 for 
the permanent and imposed loads, respectively (JCSS 2001). Note that all the basic 
random variables (materials, model uncertainties and loads etc.) are considered 
mutually independent and all geometric properties are considered as deterministic. 
Considering the symmetry of the frame, the pairs of elements of beams ((4,6), 
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(9,11), (14,15)) and of columns ((1,3), (5,8), (10,13)) are assumed to be fully 
correlated.  
 
With the properties from the resistance side and from the load side, the failure 
probabilities of each element shown in Figure VIII.4a can be obtained according to 
Equation (VIII.1). Note that the failure probabilities of the fully correlated 
elements are assumed to be equivalent. 
 
To properly quantify structural robustness, the failure probabilities of the intact 
structural system and the damaged structural system need to be known. First the 
failure probability of the intact system is determined. The failure probabilities of 
all the structural elements under loading (qj) can be calculated according to the 
failure criterion in Section VIII.3, as shown in Table VIII.5. 
 
Table VIII.5: Failure probabilities for structural elements under loading (qj) 
Element 
Failure probability Reliability index 
Intact Damaged Intact Damaged 
Beam No. 4 8.44 × 10-5 2.52 × 10-1 3.76 0.67 
Beam No. 9 1.47 × 10-4 4.28 × 10-1 3.62 0.18 
Beam No. 14 1.02 × 10-5 1.46 × 10-2 4.26 2.18 
Column No. 1 1.69 × 10-5 2.32 × 10-3 4.15 2.83 
Column No. 2 < 1 × 10-7 < 1 × 10-7 > 5.20 > 5.20 
Column No. 5 6.00 × 10-7 4.53 × 10-1 4.86 0.12 
Column No. 7 < 1 × 10-7 < 1 × 10-7 > 5.20 > 5.20 
Column No. 10 < 1 × 10-7 6.95 × 10-1 > 5.20 -0.51 
Column No. 12 < 1 × 10-7 < 1 × 10-7 > 5.20 > 5.20 
 
With the failure probabilities of all elements, the failure probability of the 
corresponding structural system can be calculated according to the beta-unzipping 
method at level 1. In the following, the calculation of the system failure probability 
of the intact structure under loading (qj) is explained as an example. 
 
According to the beta-unzipping method at level 1, the critical elements with 
min min[ , ]      are selected to constitute a series system.  is a prescribed 
positive number. As suggested in Thoft-Christensen and Murotsu (1986), a value 
3.00 can be an option for  .When the Monte Carlo simulation technique is used 
in this chapter for the calculation of the failure probabilities, it is often the case that 
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the computation is extremely time consuming for some elements with high safety 
margins. Since the failure probabilities of these elements do not greatly contribute 
to the system failure probability, it is not necessary to calculate them accurately but 
only estimating with an upper bound is sufficient. In the selection of critical 
elements, these elements are ignored. Therefore, the value for   is not fixed in 
this chapter but changes from case to case.  
 
For the intact structure, element pairs (9,11), (4,6), (1,3) and (14,15) are selected 
as critical elements ( = 0.64). Therefore, the series system can be represented by 
the system shown in Figure VIII.8, in which the failure elements are ascending 
ordered with respect to reliability index. 
 
Figure VIII.8: The series system representing the intact structure under loading (qj) 
 
For a series system including n elements, the failure event and the failure 
probability of the ith element are respectively denoted as Fi and P(Fi). Then the 
failure probability of this system is expressed as: 
 
 
1 2( )f nP P F F F     (VIII.3) 
 
To obtain a good estimate of the system failure probability, the Ditlevsen bounds 
(Thoft-Christensen and Murotsu (1986)) can be used:  
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  (VIII.4) 
 
The calculation of the Ditlevsen bounds requires an estimate of the probability of 
intersection of Fi and Fr, i.e. ( )i rP F F . In case all the variables in the limit state 
function i.e. Equation (VIII.1) of the ith element are normally distributed (if not, for 
example the Rackwitz-Fiessler algorithm can be applied), the probability of this 
intersection is given by: 
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with 
 
3
1
,
Var[ ]
i r
ij rj j
j
i r
G G
a a q

 



  (VIII.6) 
where 
iG
 , 
rG
 are the standard deviation of the safety margin of the i
th and rth 
element, respectively. Since the random variables in the limit state functions e.g. 
Equation (VIII.1) are (transformed to be) normally distributed, the standard 
deviation of the safety margin of the ith element is: 
 
3
2
1
Var[ ]
iG ij j
j
a q

    (VIII.7) 
According to Equations (VIII.1) and (VIII.6), the calculation of the coefficient of 
correlation is straightforward between beam members in flexure. When the 
coefficient of correlation is connected to column members, however, the 
calculation becomes complex (if even possible) because the limit state function of 
a column element is governed by the interaction of the axial force and the bending 
moment. In this situation, the coefficient of correlation is calculated twice: one time 
with the limit state function with respect to the axial force and the other time with 
the limit state function with respect to the bending moment. The larger coefficient 
of correlation is then chosen for the subsequent calculation procedures of the 
estimate of system failure probability. It is found that for this specific example the 
coefficient of correlation with respect to the bending moment is generally larger 
than the one with respect to the axial force. Therefore, if not specified the 
coefficients of correlation (linked to column elements) are calculated based on the 
limit state function of the column elements with respect to the bending moment. 
 
Based on Equations (VIII.1) and (VIII.6), the correlation coefficient matrix with 
respect to the failure elements which are not fully correlated for the intact structure 
is obtained (it is assumed that the correlation coefficient regarding the fully 
correlated elements is unity, e.g. 4,6 = 1.000): 
 
 i  9 4 1 14  
  = 
9  1.000 0.049 -0.036 0.072  
4  0.049 1.000 0.243 -0.006  
1  -0.036 0.243 1.000 0.028  
14  0.072 -0.006 0.028 1.000  
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Then based on Table VIII.5 and Equation (VIII.4) the Ditlevsen bounds are 
calculated as: 
1.643 × 10-4  Pf  1.645 × 10-4 
 
Therefore a good estimate of the failure probability as well as the reliability index 
for the intact structure are: 
 
( )fP P F  = 1.64 × 10
-4 
( )I fP    = 3.59 
 
As mentioned in Section VIII.3.1, the system failure probability can also be 
obtained by the ‘direct’ simulation method. For the intact structure, the failure 
probability using the ‘direct’ method is obtained as 1.72 × 10-4, which is 
comparable to the result obtained using the beta-unzipping method at level 1. In 
fact, this phenomenon is expected because in both methods the determination of 
the system failure probability is based on the failure probabilities of all structural 
elements and the correlations within these elements. In the beta-unzipping method, 
the correlations within elements are calculated according to the limit state functions 
of the elements. In the ‘direct’ method, the correlations among elements are 
implicitly taken into account. Since the beta-unzipping method at level 1 provides 
a reasonable estimation and can be easily updated to higher levels where necessary, 
this method will be adopted in the following sections. 
 
In a similar way, for the damaged structure the failure probability for each element 
is first calculated, as show in Table VIII.5. Then element pairs (10,13), (5,8), (9,11) 
and are selected as critical elements ( = 1.18). Therefore, the series system can 
be represented by the system shown in Figure VIII.9. 
 
Figure VIII.9: The series system of the damaged structure under loading (qj) 
 
Further the correlation coefficient matrix with respect to elements which are not 
fully correlated is obtained: 
 
 
 
6 10 13 4 9 11 8 5 
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 i  10 5 9 4  
 = 
10  1.000 0.323 0.404 0.397  
5  0.323 1.000 0.381 0.389  
9  0.404 0.381 1.000 0.780  
4  0.397 0.389 0.780 1.000  
 
And finally the system failure probability as well as the reliability index of the 
damaged frame are: 
 
| ( | )f DP P F D  = 8.71 × 10
-1 
|( )D f DP    = -1.13 
 
The results shown in the above box indicate that the central column removal will 
almost lead to almost a collapse of the structure. In other words, the structure is not 
robust at all. From the perspective of robustness design, a structure with higher 
robustness will be more appropriate for example illustration purpose. However, the 
objective of this chapter is to investigate the effect of FRP strengthening on 
structural robustness. If a rather robust structure is adopted, the failure probability 
of the structure after strengthening will be extremely small. The selection of such 
a weak plane frame structure in this chapter balances the consideration of 
illustration purpose and the intended research investigations. 
 
With the failure probability of the intact and the damaged frames, the robustness 
quantification can be proceeded using the robustness indices mentioned in Chapter 
III, which will be given in Section VIII.4.3. 
VIII.4.2 Consequence quantification 
In order to quantify structural robustness within a risk-based methodology, it is 
necessary to quantify the direct and indirect consequences before and after the 
central column removal scenario. The monetary value is most commonly used for 
measuring consequences. However, it is not the intention to estimate the monetary 
values regarding consequences but to show the feasibility of evaluating the 
consequences in a consistent way. The construction cost (Cconstruction) of a structure 
can be considered as a reference value in the quantification of the direct and the 
indirect consequences. 
 
The cost of the direct damage can be divided into two parts: a constant cost relating 
to the cost of the construction materials, the labour, the affected facilities and so 
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on; and a variable (estimated) cost relating to unquantifiable losses like the loss due 
to the damage of historical objects. Both parts are dependent on the context of the 
structure. If the structure and its context are explicitly provided, the cost of the 
direct damage can be evaluated in an accurate manner. However, for the illustrative 
example herein, such context is not available. As suggested by other researchers 
(e.g. Droogné et al. 2016), the cost of the direct damage can be assumed to be 
proportional to the associated volume of the damage. Therefore, a convenient way 
to quantify the direct consequence is to calculate the ratio of the associated damage 
volume to the total structural volume. And the relative cost of the direct 
consequence is the multiplication of this ratio and the construction cost. For the 
example shown in this chapter, the ratio of the volume of the removed column to 
the entire construction volume is calculated as 0.0656 and the direct consequence 
is: 
 
CDir = 0.0656 Cconstruction 
 
For the indirect consequences, as pointed out in Kanda (1996) and Faber et al. 
(2004), it may relate to the cost due to damage of the structural and non-structural 
components, rescue & clean-up, fatalities, psychological damage, loss of properties 
as well as impacts to economy and environments. The quantification of such losses 
varies from building to building and considerably depends on the structural 
occupation type and subjective judgements. In the work of Faber et al. (2004) the 
consequences resulting from the failure of the World Trade Center Twin Towers 
were estimated and it is found that the main overall indirect consequences might 
be divided into rescue & clean-up cost, loss of properties, consequences due to 
fatalities, impats to environment & cultural assets and impacts to economy. It is 
pointed out in Faber et al. (2004) that much uncertainty arises in the consequence 
assessment with respect to impacts to economy and the ratios of different 
consequences to the construction cost are provided. In Kanda (1996), the 
consequences resulting from structural and non-structural components, equipment, 
surrounding contents, casualties and psychological effects are considered. The 
range of the ratios of these consequence divisions to the total construction cost is 
also given in the referred work. It is interesting to point out that the lower bound of 
relative cost (the ratios) of indirect consequences in Faber et al. (2004) is of the 
same magnitude as the upper bound for the type of residential house presented in 
Kanda (1996). This might be explained by the fact that in Fabler et al. (2004) the 
considered structure (the World Trade Center Twin Towers) is much more 
influential than the residential houses in Kanda (1996). 
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Since the considered office building in this chapter is comparable to the residential 
house defined in Kanda (1996), the average relative cost with respect to the indirect 
consequences presented in Kanda (1996) is adopted herein. Specifically, the 
average relative cost is (0.5 + 4.5) /2 = 2.50, i.e. 
 
CInd = 2.50 Cconstruction 
 
It is worth emphasizing that the quantification of consequences is rather subjective 
and for the same situation it may vary from person to person. As already mentioned 
in the estimation of the direct consequences, even if the structure and its context 
are given the consequence estimation is still uncertain as it is associated with 
quantifiable and unquantifiable constitutes. This explains that in the work of Faber 
et al. (2004) and Kanda (1996) only ranges with respect to relative consequence 
from different aspects (e.g. structural aspect, equipment etc.) are provided. 
Referring to such ranges, the user can always have a preferred result within the 
range. Actually, such results about consequence estimations are not necessary 
accurate but, if the calculation rules are consistent everywhere, the results still 
make sense when a comparison of the results regarding the same structure between 
different conditions is made. 
 
VIII.4.3 Robustness quantification 
With the failure probability of the intact and the damaged structures, the probability 
/ reliability based robustness indices (Frangopol and Curley 1987, and Fu and 
Frangopol 1990), and the vulnerability based robustness index (Lind 1995) of the 
structure under a central column removal scenario can be determined. With the 
failure probability and the quantification of the direct and the indirect 
consequences, the risk-based robustness index (Baker et al. 2008) of the structure 
can be calculated.  
 
According to Equations (III.13) ~ (III.14), the probability / reliability robustness 
indices are 
 
(damaged) (intact)
(intact)
f f
f
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According to Equation (III.15), the vulnerability robustness index is: 
 
0
( , )
( , )
dP r SV
P r S
 
 
According to Equation (VII.2), the ratio of the indirect consequences to the direct 
consequences is 
Ind Dir/C C  Therefore, the robustness of this plane 
concrete frame under a given central column removal scenario is obtained 
according to Equation (VII.1): 
 
rob
1
1 ( )
I
P F D

 
 
 
These robustness indices are listed in the first row in Table VIII.6. The first column 
in Table VIII.6 denotes the structure conditions and the loading conditions. The 
structure state in Figure VIII.1 is denoted as ‘original’ state and the load condition 
in this state is denoted as ‘qj’ (j = 1,2,3); ‘qj’ denotes that the additional imposed 
loads ‘qj’ are applied to the ‘original’ structure (see Section VIII.5.1); ‘FRP’ 
denotes that the original structure is strengthened with CFRP strips where 
necessary; ‘FRP/CMA’ denotes that the compressive membrane action is 
considered in the FRP strengthened beam members; and ‘Pj’ denotes that the lateral 
loads due to compressive membrane action are additionally applied to the ‘original’ 
structure. The robustness indices in the last three rows in Table VIII.6 will be 
compared with that in the first row and will be subsequently given in the following 
subsections.  
 
Note that, if not specified, the failure criterion as well as the procedures to evaluate 
the system failure probability and further structural robustness adopted in this 
section still apply in the following subsections. With respect to the calculation of 
the failure probabilities as well as structural robustness in the following 
subsections, the descriptions are simplified and only the required information is 
given for the purpose of conciseness. 
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Table VIII.6: Robustness quantification of RC structures 
Structure 
(loading) 
State Pf 
Robustness index 
RI R V Irob 
original 
(qj) 
intact 1.64 × 10-4 3.59 
5298 0.760 5299 0.029 
damaged 8.71 × 10-1 -1.13 
original 
(qj + qj) 
intact 2.73 × 10-3 2.78 
338 0.658 339 0.028 
damaged 9.25 × 10-1 -1.44 
original+FRP 
(qj + qj) 
intact 3.73 × 10-4 3.37 
372 1.474 373 0.159 
damaged 1.39 × 10-1 1.08 
original 
+ FRP/CMA 
(qj + qj + Pj) 
intact 2.80 × 10-4 3.45 
486 1.467 487 0.162 
damaged 1.36 × 10-1 
1.10 
 
VIII.5 Robustness quantification of FRP strengthened 
RC frame structures 
VIII.5.1 Increase of imposed loads 
In the original baseline design in Section VIII.2, the structure is designed as a 
normal office. Therefore, the imposed loads are determined according to EN 1991-
1-1 (CEN 2002) as 3.0 kN/m2. However, the building is afterwards subjected to 
multiple use (e.g. temporary good storage). Consequently, the imposed loads are 
estimated to be changed to 4.0 kN/m2. The increase of the imposed loads is denoted 
as ‘qj’. In this situation, it is of interest to see whether the structural safety 
requirements are satisfied after the increase of imposed loads from a perspective of 
structural reliability and structural robustness (under the same central column 
removal scenario). 
 
Following the procedures to quantify structural robustness in Section VIII.4, the 
failure probabilities for all structural elements of the intact structure are first 
calculated, as shown in Table VIII.7. To obtain the system failure probability, the 
element pairs (9,11), (4,6), (14, 15) and (1,3) are selected as critical elements ( 
= 0.57). The correlation of coefficient matrix for the not fully correlated elements 
is: 
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 i  9 4 14 1  
 = 
9  1.000 0.053 0.078 -0.045  
4  0.053 1.000 -0.006 0.306  
14  0.078 -0.006 1.000 0.036  
1  -0.045 0.306 0.036 1.000  
 
Consequently, the failure probability as well as the reliability index for the intact 
structure are: 
 
( )fP P F  = 2.73 × 10
-3 
( )I fP    = 2.78 
 
Table VIII.7: Failure probabilities for failure elements under loading (qj + qj) 
Element 
Failure probability Reliability index 
Intact Damaged Intact Damaged 
Beam No. 4 1.67 × 10-3 3.76 × 10-1 2.94 0.32 
Beam No. 9 2.41 × 10-3 5.33 × 10-1 2.82 -0.08 
Beam No. 14 3.91 × 10-4 5.60 × 10-2 3.36 1.59 
Column No. 1 3.56 × 10-4 1.54 × 10-2 3.39 2.16 
Column No. 2 < 1 × 10-6 < 1 × 10-6 > 4.75 > 4.75 
Column No. 5 5.54 × 10-5 5.38 × 10-1 3.87 -0.10 
Column No. 7 < 1 × 10-6 < 1 × 10-6 > 4.75 > 4.75 
Column No. 10 3.60 × 10-6 7.27 × 10-1 4.49 -0.60 
Column No. 12 < 1 × 10-6 < 1 × 10-6 > 4.75 > 4.75 
 
Similarly, for the damaged structure subject to the loading (qj + qj) the failure 
probability for each element is obtained, as show in Table VIII.7. Then element 
pairs (10,13), (5,8), (9,11), (4,6), (14,15) and (1,3) are selected as critical elements 
( = 2.76) with the correlation coefficient matrix: 
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 i  10 5 9 4 14 1  
 = 
10  1.000 0.358 0.447 0.443 0.404 0.358  
5  0.358 1.000 0.424 0.434 0.432 0.352  
9  0.447 0.424 1.000 0.851 0.812 0.452  
4  0.443 0.434 0.851 1.000 0.813 0.424  
14  0.404 0.432 0.812 0.813 1.000 0.419  
1  0.358 0.352 0.452 0.424 0.419 1.000  
 
And the system failure probability as well as the reliability index of the damaged 
frame under loadings (qj + qj) are: 
 
| ( | )f DP P F D  = 9.25 × 10
-1 
|( )D f DP    = -1.44 
 
With the failure probabilities of the intact and the damaged frames under loadings 
(qj + qj), the corresponding robustness indices based on different methodologies 
are determined, as listed in the second row in Table VIII.6. 
 
In comparison with Table VIII.5, Table VIII.7 shows that the increase of the 
imposed loads results in the increase of the failure probabilities of all structural 
components, whether for the intact state or the damaged state of the structure. 
Consequently, the system failure probability increases from 
41.64 10  to 
32.73 10 for the intact state. For the damaged state, however, the system failure 
probability increases slightly from 0.871 to 0.925. This is because, for both loading 
cases, the system failure probability of the damaged structure is mainly attributed 
to the failure probability of its outer columns on the third floor (Column No. 10 
and 13). The failure probability of Column No. 10 in case of the loading pattern (qj) 
is 0.695 while the corresponding failure probability in case of loading pattern (qj + 
qj) is increased slightly to 0.727. This means that, although the increase of the 
imposed loads does increase the failure probability of all components, the system 
failure probability will not increase considerably when the increase of the failure 
probability of the (most) critical components is insignificant. 
 
From the perspective of structural robustness, the influence of the increase of 
imposed loads on robustness is interpreted differently when different 
methodologies for robustness quantification are adopted. The redundancy (or 
vulnerability) based robustness indices (RI, R and V) show that the increase of the 
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imposed loads leads to the degradation of structural robustness. On the one hand, 
RI and V decrease significantly from around 5300 to around 340 when the 
additional loads qj are applied to the structure; on the other hand, R decreases by 
13.4% with the increase of the imposed loads. From the interpretation of the risk-
based robustness index, however, the structural robustness change due to the 
increase of the imposed loads is negligible.  
 
Subject to the same change of the imposed loads, the differences among these 
robustness indices are due to the differences with respect to the considered 
structural states within the corresponding methodologies. On the one side, the 
robustness indices RI, R and V relate to both the intact and the damaged states of 
the considered structure. As long as the increase of the system failure probability 
due to the increase of the imposed loads for the intact state is more than that for the 
damaged state, these robustness indices will decrease simultaneously. Since in 
general the reliability index is less sensitive than the failure probability, the 
magnitude of change with respect to R is expectedly less than that with respect to 
RI and V. On the other side, the risk-based robustness is only associated to the 
damaged state of the structure. As mentioned in the previous paragraph, for the 
damaged state the change of the system failure probability due to the increase of 
the imposed loads is negligible. Therefore, the change of the risk-based robustness 
index is not significant. By comparing the change proportion of these robustness 
indicators, it can be seen that the risk-based indicator is the least sensitive to the 
change of the imposed loads. 
 
VIII.5.2 FRP strengthening schemes 
Since the structural reliability level (whether from the perspective of structural 
elements or from the perspective of the structural system) as well as the level of 
structure robustness decrease after the additional imposed loads are applied to the 
considered structure, it is desirable to upgrade the structure and one possible 
measure to improve the structure is to strengthen the structure with FRP 
composites. As mentioned in Chapter II, FRP strengthening techniques mainly 
include flexural strengthening, shear strengthening and confinement. To be 
consistent with the above subsections in this chapter, flexural strengthening is 
chosen herein to evaluate how the FRP strengthening will affect the structural 
robustness. The strengthening schemes are as follows: 
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− Strengthening for beam components: as all the beam components are 
assumed to fail in flexure, one layer of CFRP sheet is applied to the top 
and bottom sides of each beam component.  
− Strengthening for column components: The column components are 
assumed to fail because of the interaction of axial forces and bending 
moments (Section VIII.3). By examining the previous calculation of the 
system failure probability, it is found that the system failure probability is 
greatly attributed to the failure probability of the outer column 
components on the 2nd and the 3rd floor. An insight into the simulations of 
these columns shows that in most cases these columns ‘fail’ because of 
bending moments. Therefore, two and three layers of CFRP sheets are 
applied to the tensile zone of the outer columns on the 2nd and the 3rd 
floors, respectively. 
 
The width of the CFRP sheet is 50 mm with a thickness of 1.2 mm. All the 
strengthening is finished via wet-layup technique. The mechanical properties of the 
used CFRP reinforcements are consistent to that adopted in Chapter IV. 
 
In case of FRP strengthening for beam components, the FRP is assumed to be 
applied to both top and bottom sides at critical sections for each component, which 
is especially effective to increase the reliability level of the structure in the damaged 
state. Therefore, the applied FRP crosses column sections, which may be difficult 
in real applications. However, the approach proposed in Orton (2009) is an good 
example to prove the feasibility to apply FRP through column sections. As 
mentioned in Chapters II and IV, the issue of debonding is very important for FRP 
strengthened sections. Therefore, effective anchorages should be applied to prevent 
the occurrence of debonding where necessary. Such effective anchorages could be 
metal fasteners (Elsayed et al. 2009), FRP fans (Orton 2009), FRP/metal strip 
anchors (Wu et al. 2013) and head-leg anchors (Mostafa and Razaqpur 2013). 
 
VIII.5.3 Effect of FRP strengthening on structural robustness 
After the specified FRP strengthening is applied, the internal forces of each 
strengthened components can be obtained via structural analysis. It is worth noting 
that in cases where FRP is used for strengthening the previous procedures as well 
as general rules adopted in failure probability calculation and further robustness 
quantification for the frame structure still apply since the FRP strengthening does 
not significantly change the stiffness of the strengthened components and thus does 
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not significantly change the rules for load redistributions when applicable. For the 
principles used to evaluate the flexural capacity of the FRP strengthened sections, 
reference is made to Chapter II. 
 
Following the procedures to quantify structural robustness in Section VIII.4, the 
failure probabilities of each structural component are first evaluated, as shown 
Table VIII.8. It can be seen from the comparison between Table VIII.7 and Table 
VIII.8 that, as expected, the FRP strengthening significantly increase the reliability 
level of all the strengthened structural components, whether in the intact state or in 
the damaged state of the structure. 
 
Table VIII.8: Failure probabilities for failure elements by considering FRP 
strengthening under loadings (qj + qj) 
Element 
Failure probability Reliability index 
Intact Damaged Intact Damaged 
Beam No. 4 1.29 × 10-7 1.70 × 10-3 5.15 2.93 
Beam No. 9 2.58 × 10-7 1.79 × 10-3 5.02 2.91 
Beam No. 14 1.37 × 10-8 6.41 × 10-4 5.56 3.22 
Column No. 1 3.58 × 10-4 1.53 × 10-2 3.38 2.16 
Column No. 2 < 1 × 10-8 < 1 × 10-6 > 5.60 > 4.75 
Column No. 5 5.82 × 10-5 1.19 × 10-1 3.85 1.18 
Column No. 7 < 1 × 10-8 < 1 × 10-6 > 5.60 > 4.75 
Column No. 10 2.90 × 10-6 8.86 × 10-2 4.53 1.35 
Column No. 12 < 1 × 10-8 < 1 × 10-6 > 5.60 > 4.75 
 
With the failure probabilities of structural elements for the intact state, the element 
pairs (1,3), (5,8) and(10,13) are considered as critical elements ( = 1.15). The 
correlation coefficient matrix within the critical elements is then obtained as 
follows: 
 
 i  1 5 10  
 = 
1  1.000 0.012 0.004  
5  0.012 1.000 -0.003  
10  0.004 -0.003 1.000  
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Then an estimate of the failure probability as well as the reliability index for the 
structure in the intact state are: 
 
( )fP P F  = 3.73 × 10
-4 
( )I fP    = 3.37 
 
In a similar way, for the structure in the damaged state, the failure probability for 
each element is first calculated, as show in Table VIII.8. Then element pairs (10,13), 
(5,8), (10,13), (1,3), (9,11) and (4,6) are selected as critical elements ( = 1.75). 
Further the correlation coefficient matrix is calculated: 
 
 i  5 10 1 9 4  
 = 
5  1.000 0.213 0.297 0.278 0.285  
10  0.213 1.000 0.301 0.272 0.257  
1  0.297 0.301 1.000 0.396 0.585  
9  0.278 0.272 0.396 1.000 0.348  
4  0.285 0.257 0.585 0.348 1.000  
 
The system failure probability as well as the reliability index of the damaged 
structure are estimated as: 
 
| ( | )f DP P F D  = 1.39 × 10
-1 
|( )D f DP    = 1.08 
 
Based on the failure probability of the intact and the damaged FRP strengthened 
frames under loadings (qj + qj), the corresponding robustness indices are 
determined, as listed in the third row in Table VIII.6. 
 
It is found that, compared to cases where no FRP strengthening is applied, the 
robustness indices RI and V increase by approximately 10% (from around 338 to 
around 372); the robustness index R increases by 124% (from 0.658 to 1.474); and 
the robustness index Irob increases by 468% (from 0.028 to 0.159). These results 
show that, if the structure is properly strengthened with FRP composites, the 
robustness of the structure can be effectively improved. 
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VIII.5.4 Effect of compressive membrane action on structural 
robustness 
As mentioned in Chapters IV and VI, compressive membrane action (CMA) is 
favourable to enhance the load bearing capacity of FRP strengthened beam 
members and consequently to decrease its failure probability. Therefore this action 
might be favourable to improve structural robustness when the action can be 
effectively activated. 
 
For the frame structure considered herein, as mentioned in Section VIII.3.3, after a 
central column removal on the bottom floor the central columns on the upper floors 
are subjected to axial forces and negligible shear forces.. Consequently, the beam 
elements on each floor can be seen as an extended two-span beam. Such a two-
span length beam is subjected to the distributed load (e.g. qj + qj) and the load 
transferred from the central columns. Hence such two-span long beams can be 
probabilistically modelled via the model proposed in Chapter VI to investigate the 
effect of CMA on structural robustness. For details of the procedure for modelling 
CMA we refer to Chapters IV and VI. 
 
As pointed out in Chapter IV, the failure of such a two-span long beam is related 
to the failure of the considered rigid portion (see Figure IV.1 and Equations (IV.16) 
and (IV.17)). In the specific example in this chapter, such a portion is simply a 
beam element as considered in previous sections. Hence when CMA is considered 
a failure element with respect to beam components (the element of the rigid portion) 
is also a failure element defined in sections VIII.3.2 and VIII.3.3 (Figure VIII.4). 
This means that the procedures for quantifying structural robustness used in 
previous sections still apply to cases where CMA is considered. 
 
As mentioned in Section VIII.1, in cases where compressive membrane action is 
taken into account, the compressive forces within the considered members will act 
on the corresponding lateral members. As shown in Figure VIII.1, these 
compressive forces are denoted as Pj and act as horizontal forces on the beam-
column joints on the 1st, 2nd and 3rd storey with subscripts 1, 2 and 3, respectively. 
To obtain these lateral forces, the lateral restraints to the considered beam 
components should be determined based on the lateral stiffness of the surrounding 
column components. According to Mutō (1974), the lateral restraint from a column 
component to the surrounding beam component(s) can be estimated by the 
following equation: 
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   (VIII.8) 
where H is the height of the column;  is a coefficient depending on the moment 
inertias and the lengths (or heights) of the connected structural components (beams 
and / or columns). Based on this formulation, the lateral restraints to beam 
components can be obtained as Ka = 4950 kN/m (on the 1st and 2nd floors) and Ka 
= 3300 kN/m (on the 3rd floor). With the lateral restraints, the lateral forces Pj can 
be calculated based on the model proposed in Chapter IV and modelled as 
lognormally distributed variables. In this specific case, the mean values of the 
lateral forces are: P1 = P2 = 43.47 kN and P3 = 26.76 kN. The coefficient of 
variation is adopted as 0.10 according to the Probabilistic Model Code (JCSS 
2010). 
 
Then the failure probabilities of the structural elements in the consideration of 
CMA in the FRP strengthened frame under loading pattern (qj + qj + Pj) can be 
calculated according to the procedures mentioned previously, as shown in Table 
VIII.9. 
 
In case of CMA consideration, the failure probabilities of column elements are in 
general larger than beam elements. In this situation, column element pairs (1,3), 
(5,8) and (10,13) are considered as critical elements for the structure in the intact 
state ( = 1.03), with their correlation coefficient matrix to be: 
 
 i  1 5 10  
  = 
1  1.000 0.012 0.004  
5  0.012 1.000 -0.003  
10  0.004 -0.003 1.000  
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Table VIII.9: Failure probabilities for failure elements by considering FRP 
strengthening and compressive membrane action under loadings (qj + qj + Pj) 
Element 
Failure probability Reliability index 
Intact Damaged Intact Damaged 
Beam No. 4 6.94 × 10-8 2.14 × 10-4 5.27 3.52 
Beam No. 9 1.14 × 10-8 1.03 × 10-4 5.59 3.71 
Beam No. 14 1.40 × 10-9 1.10 × 10-5 5.94 4.24 
Column No. 1 2.60 × 10-4 1.67 × 10-2 3.47 2.13 
Column No. 2 < 1 × 10-8 < 1 × 10-8 > 5.60 > 5.60 
Column No. 5 6.55 × 10-5 1.17 × 10-1 3.82 1.19 
Column No. 7 < 1 × 10-8 < 1 × 10-6 > 5.60 > 4.75 
Column No. 10 3.40 × 10-6 8.81 × 10-2 4.50 1.35 
Column No. 12 < 1 × 10-8 < 1 × 10-6 > 5.60 > 4.75 
 
Thereafter the estimate of the system failure probability and the reliability index in 
the intact state are: 
 
( )fP P F  = 2.80 × 10
-4 
( )I fP    = 3.45 
 
Similarly, for the damaged structure the failure probability for each element is 
calculated and shown in Table VIII.9. And element pairs (5,8), (10,13) and (1,3) 
are selected as critical elements ( = 0.94) with the correlation coefficient matrix 
with respect to elements which are not fully correlated as: 
 
 i  5 10 1  
 = 
5  1.000 0.207 0.273  
10  0.207 1.000 0.269  
 1  0.273 0.269 1.000  
 
And the system failure probability and the reliability index of the structure are: 
 
| ( | )f DP P F D  = 1.36 × 10
-1 
|( )D f DP    = 1.10 
 
Compared to the failure probabilities of structural elements when no CMA is 
considered (Table VIII.8), it is found from Table VIII.9 that the failure probabilities 
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of beam elements are as expected significantly decreased under both the intact and 
the damaged states of the structure, which is in agreement with the findings in 
Chapter VI. For the column elements, however, the failure probabilities increase 
when CMA is taken into account. This is also as expected because the additional 
lateral forces Pj are mainly resisted by column components. 
 
The structural robustness indices based on different methodologies are also 
calculated, as listed in the fourth row in Table VIII.6. It is found that, compared to 
cases where CMA is not taken into account, the robustness indices RI and V 
increase by approximately 31% (from around 372 to 486); the robustness index R 
decreases by 0.5% (from 1.474 to 1.467); and the robustness index Irob increases by 
2% (from 0.159 to 0.162). These results mean that, for this specific example case, 
the consideration of CMA leads to a slight increase of robustness. This is because 
in this example, the system failure probability and thereafter the structural 
robustness is highly dependent on the failure probabilities of the critical column 
elements. When CMA is accounted for, the lateral forces due to CMA are 
unfavourable for the survival of critical column elements. Consequently the 
structural robustness indices increase slight in case of CMA consideration although 
the failure probabilities of beams decrease by a large amount. This issue will be 
discussed in more detail in Section VIII.6. 
VIII.6 Discussion 
 
In the above sections, the influence of FRP strengthening and CMA on structural 
robustness of RC structures is investigated in detail using a frame structure. 
However, several issues related to structural robustness associated with FRP 
strengthened structures and the consideration of CMA deserve more attention and 
will be discussed in the following. 
 
The analyses with respect to robustness quantification in the above sections are 
related to specific damage situations (the central column removal scenarios) in a 
simple frame with specific configurations. The associated results might only hold 
within the example considered and should be treated with care. However, the 
results support the idea that the structural robustness could be improved by e.g. 
FRP strengthening techniques. 
 
In this chapter only the flexural strengthening with FRP composites is considered. 
This is because for this specific example the failure modes of structural elements 
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are mainly attributed to bending moments. For other widely adopted FRP 
strengthening techniques like strengthening in shear and torsion, as well as 
confinement can also be adopted in cases where failure modes due to shear, torsion 
and deficient of concrete strength are significant. The influence of these 
strengthening techniques on structural robustness is also of interest and deserves 
more investigation. 
 
The effect of time-dependent variables (e.g. maintenance & repair, deteriorations) 
on structural robustness are formulated in Chapter VII and illustrated with a 
notational example. Such considerations can also be accounted for in an extension 
of the case study treated in this chapter. As known, the probabilistic modelling of 
time-dependent variables (e.g. deterioration) deserve in that case specific attention, 
which falls outside the scope of this thesis. Nevertheless, following the procedures 
in Chapter VII the considerations of time-dependent variables can also be easily 
incorporated into Section VIII.4 or Section VIII.5 as long as the stochastic variables 
can be easily and properly modelled. 
 
Although the effect of CMA on the failure probability of the considered 
components is shown to be favourable and significant in Section VIII.5.4 and 
Chapter IV, the effect of CMA on structural robustness is shown to be slightly 
favourable in the above example. It is worth noting that these results in Section 
VIII.5.4 should be treated with care because the favourable and significant effect 
of CMA on structural robustness cannot be reflected in the specified example. This 
is explained as follows. On the one hand, since the selected plane frame structure 
is quite simple, the strong lateral restraint to fully activate CMA cannot be 
guaranteed. This can be seen from the magnitude of the lateral forces Pj. All value 
of Pj are relatively small. This is the reason why the effect of CMA on structural 
robustness is of little significance. On the other hand, the simplicity of the frame 
leads to the simplicity of the load transfer path. In this situation, the critical column 
components are sensitive to lateral forces. This means that, in case of CMA 
consideration, the failure probabilities of the critical beam elements are improved 
whereas the failure probabilities of the critical column elements decrease. For this 
specific example, the system failure probability is dominated by the failure 
probabilities of the critical column elements. This leads to the slight favourable 
effect of CMA on structural robustness. It could be expected that, in case of a more 
‘realistic’ frame (e.g. 3-bay × 3-bay × 5-storey, columns with higher flexural 
stiffness) is selected, the effect of CMA on structural robustness will be favourable 
and significant. 
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VIII.7 Summary 
 
In this chapter, the influences of FRP strengthening as well as compressive 
membrane action on structural robustness are quantified via a plane concrete frame 
structure. 
 
− The example shown in this chapter provides clear and useful information 
about the procedures to quantify structural robustness under a column 
removal scenario for concrete structures when FRP strengthening as well 
as compressive membrane action are taken into account. 
− When quantifying structural robustness, the failure probability of the 
considered structure in the intact and the damaged states needs to be 
properly assessed. In the example herein, the beta-unzipping method 
proved to be effective. 
− Flexural strengthening with FRP composites of concrete structures is 
effective in improving the structural robustness of concrete structures. The 
compressive membrane action also influences the structural robustness of 
concrete structure. Such influence is deemed to vary from case to case. 
− The influence on structural robustness from e.g. FRP strengthening are 
interpreted differently when different methodologies for robustness 
quantification are adopted. From the perspective of magnitude, the 
redundancy-based and the vulnerability-based robustness indices yield a 
comparable behavior while the reliability-based and the risk-based 
robustness indices are also comparable, which is consistent with the 
conclusions in Chapter VII. 
− Time-dependant variables and other FRP strengthening techniques for 
shear and torsion, as well as confinement can also be incorporated into the 
quantification of structural robustness but need further investigations.  
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IX.1 Conclusions and recommendations 
 
Several aspects with respect to structural robustness of FRP strengthened concrete 
structures have been thoroughly investigated in this Ph.D. work. With focuses 
primarily on the influence of FRP strengthening and membrane actions on 
robustness, work related to structural modelling, stochastic characterization as well 
as probabilistic evaluations have been performed. In this final chapter, general 
conclusions regarding several aspects are formulated and recommendations for 
practical applications as well as further research are also provided. 
 
IX.1.1 Modelling of compressive membrane action in FRP 
strengthened concrete one-way members 
Membrane effects and especially compressive membrane action (CMA), have been 
seen as favourable to enhance the load bearing capacity of one-way concrete 
members (e.g. beams and slabs) since Turner (1976) first recognized the benefits 
of CMA. Based on results of the existing research focusing on conventional 
concrete members, the CMA effect in FRP strengthened concrete one-way 
members is modelled by extending the Park and Gamble (2000) model. By 
experimental verification, it is found that the extended model is capable in 
predicting the ultimate load bearing capacity as well as the developments of strains 
and stresses of FRP strengthened concrete members under the assumption that 
portions between (pseudo-) hinges remain rigid. It is found that the failure mode of 
the member considering CMA relates to the combination of the failure modes of 
the corresponding critical sections, i.e. the member’s midspan and end sections. 
Considering whether or not the compressive steel has yielded before failure, the 
failure mode of the member consists of four different cases if concrete crushing 
before FRP failure is assumed and of five more cases if FRP failure (either FRP 
rupture or FRP debonding failure) is considered. 
 
In the modelling of CMA in FRP strengthened concrete members, issues of great 
importance are: the formation of (pseudo) hinges, the effective lateral restraints and 
the possibility of FRP failure. The formation of (pseudo) hinges and the effective 
lateral restraints are the main base to analytically examine the CMA effect. The 
lateral restraint is normally provided by the surrounding structural parts. For a 
framed structure this restraint is normally provided by columns for members 
(beams and one-way slabs) where CMA effect is considered. However, careful 
consideration should be given in such cases, because the lateral restraint from 
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columns might be insufficient to activate the CMA effect in places where the lateral 
stiffness of columns decreases by a large amount after a formation of hinges in 
these columns. 
 
IX.1.2 Probabilistic model for the tensile strength of FRP composites 
Although FRP composites have been widely utilized for flexural, shear and 
confinement strengthening in civil infrastructures for decades, the stochastic model 
of one of its most significant properties i.e. the tensile strength is still vague and 
needs more investigations. By setting up a relatively large experimental database, 
a statistical characterization with respect to the tensile strength of unidirectional 
FRP composites was conducted. Results show that the normal, lognormal and 
Weibull distributions can be used to model the tensile strength of FRP composites 
from the perspective of hypothesis tests. However, Weibull distribution might be 
the most appropriate model by considering that Weibull distribution has been 
continually used for decades for design of composite materials with engineer-
orientated conservative results and it conforms the failure hypothesis of composite 
materials continuity reasons. For the statistical uncertainty of the Weibull model 
for FRP tensile strength, maximum likelihood estimators based on a simple yet 
reasonably accurate method can be used. This method is derived from the method 
originally proposed by Bain and Engelhardt (1981). 
 
It is worth noting that, from the viewpoint of experimental verification and 
engineering judgement, the Weibull distribution is verified in this work to be the 
most appropriate model for the tensile strength of unidirectional FRP composites 
(mainly CFRP and GFRP). However, caution should be taken with respect to the 
application of this conclusion to other FRP products for the following reasons. On 
the one side, the tensile strength of FRP composites is affected by the type of the 
reinforcing fiber (e.g. carbon, glass, aramid, basalt and natural fibers, and a mixture 
of different kinds of fibers), the fiber form (e.g. continuous or chopped), the fiber 
orientation (i.e. unidirectional, bidirectional and multidirectional), the type of resin 
(i.e. thermoset and thermoplastic), the manufacturing technology (e.g. pultrusion, 
filament-winding, autoclave and wet layup processes) and curing conditions; on 
the other side, the observed/tested tensile strength of FRP composites is also 
influenced by the test methods (e.g. tensile test and bending test) and loading rates 
(e.g. quasi-static and dynamic loadings). Therefore, the stochastic models for the 
tensile strength of other FRP composites beyond the composites used herein should 
be checked and verified with caution. 
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IX.1.3 Benefits of compressive membrane action on the load bearing 
capacity and reliability of FRP strengthened concrete structures 
By taking beam members as example, the effect of CMA in FRP strengthened 
concrete one-way members was deterministically investigated by structural 
analysis and probabilistically examined by adopting stochastic models for basic 
random variables. 
 
For cases of failure modes owing to concrete crushing, the results of the analysis 
show that CMA has a significantly positive influence on the load bearing capacity 
of the considered member. A parametric study indicates that the beneficial effect 
of CMA increases with the increase of the FRP cross-sectional area and its elastic 
modulus. It also increases with increasing steel reinforcement ratio, compressive 
strength and ultimate strain of concrete, but decreases with increasing span-to-
depth ratio. Further the CMA effect increases rapidly with increasing lateral 
restraint beyond the required minimum restraint and then remains nearly constant. 
For cases of failure modes owing to FRP failure (either FRP rupture or debonding), 
it is found that the CMA load bearing capacity in general decreases. 
 
From the perspective of structural reliability, results show that the CMA effect on 
the reliability indices of FRP strengthened concrete members is significant. 
Sensitivity analysis shows that in general an increase of variation of one of the 
variables causes a decrease of the reliability index, which applies to all factors 
considered except for the ultimate compressive strain of concrete. Specifically, an 
increase of variation of concrete strength, FRP modulus and concrete cover 
significantly results in a decrease of the reliability index; an increase of variation 
of the ultimate strain of FRP and yield strain moderately leads to a decrease of the 
reliability index. 
 
Due to the favourable property of CMA in improving the load bearing capacity of 
FRP strengthened beam systems, it is recommended that in the design process such 
beneficial effect of CMA can be incorporated during the verification of ultimate 
limit state to realize a more optimized design. In the scope of European guidelines, 
a value of 1.65 is suggested as the partial factor for FRP strength in the design of 
FRP strengthened concrete beams in case the CMA effect is taken into account. 
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IX.1.4 Interpretation of structural robustness 
Up to now there is no consensus with respect to neither the definition nor the 
quantitative assessment of robustness although it is generally accepted that the 
essences of robustness comprise the identification and modelling of exposures, the 
formulation and quantification of damages and the assessment of the damage 
disproportionality. In this Ph.D. work, methodologies of robustness are classified 
into four categories: property based, performance based, probability/reliability 
based, and risk based methodologies. To correctly and properly quantify 
robustness, emphasis should be situated on the definition of robustness and the 
analysis of the sequence events related to robustness evaluation. 
 
On the one hand, the robustness quantification can be performed by a comparison 
of the structure between its intact and damaged states because the comparison 
provides sufficient information about the damaged state. When the 
disproportionality of the total damage to the initial damage due to the original cause 
is properly quantified in one way or another, then the structural robustness can be 
properly assessed. Broadly speaking, such a comparison forms the basis of the 
current property based, performance based as well as probability / reliability based 
robustness indicators. On the other hand, the quantification and assessment of 
robustness of a structure can also be carried out between its damaged state and its 
final state of interest.  Then the disproportionality of damage is interpreted as the 
disproportionality of e.g. the indirect consequences to the direct consequences. 
This comparison forms the basis of the risk-based robustness indicator.  
 
IX.1.5 Time-dependent considerations in robustness quantification  
Although most of the current robustness indictors are useful to provide information 
about structural robustness, there also exist some limitations with respect to these 
indicators. One of these limitations is that the current robustness assessment does 
not quantitatively consider the activities within the service life of a structure, which 
is quite important for e.g. existing structures under deteriorations. To meet this gap, 
activities like continuing health monitoring, maintenance and/or repair after a 
structure is designed and constructed are modelled as time-dependent variables and 
are incorporated into the risk-based robustness quantification framework. Also 
conditions like severe deteriorations or changes of functionality and activities such 
as rehabilitation, strengthening, replacement and retrofitting can also be taken into 
account. An illustrative example is used to illustrate the calculation procedure.  
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IX.1.6 Influence of FRP strengthening and CMA on structural 
robustness 
A plane concrete frame office building was selected as an example to quantify the 
influence of FRP strengthening on structural robustness of concrete structures. The 
robustness under a column removal scenario of the building was evaluated using 
the probability / reliability based and the risk-based robustness indicators. In the 
calculation of the failure probability of the structural system, the beta-unzipping 
method at level 1 is adopted. By assuming an increase of imposed loads, it is found 
that the safety level regarding structural reliability and robustness of the building 
decreases. Subsequently, the FRP strengthening technique was adopted to upgrade 
the safety level of the structure. Results show that proper FRP strengthening 
effectively improves the robustness of the structure. More specifically for the 
adopted example, compared to cases where no FRP strengthening is applied, the 
robustness indices RI and V decrease by approximately 10%; the robustness index 
R increases by 124%; and the robustness index Irob increases by 468%.  
 
For practical applications, it is pointed out that to improve structural robustness the 
effectiveness of FRP strengthening is of great importance. The key point is to 
evaluate which failure mode contributes the most to the failure probability of the 
structure and the target FRP strengthening then follows that. For framed structures, 
careful consideration should be given to shear failure of beam components and 
flexural failure of column components. 
 
IX.1.7 Influence of compressive membrane action on structural 
robustness 
Since CMA is favourable to enhance the load bearing capacity of FRP strengthened 
one-way members and consequently to decrease their failure probabilities, it is 
therefore also of interest to see how this action would affect structural robustness. 
Using the concrete frame example, it is found that, for the specific example, the 
effect of CMA is rather limited, but positively affects the structural robustness to a 
small amount. This is because in this example, the system failure probability and 
thereafter the structural robustness is highly dependent on the failure probabilities 
of the critical column elements. When CMA is taken into account, the lateral forces 
due to CMA are unfavourable for the survival of the remaining critical column 
elements.  
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An insight into the influence of CMA on structural robustness in this example 
indicates that the benefit of CMA cannot be easily utilized in simple structures like 
plane frames. Nevertheless, this benefit could be significant in structures of higher 
complexity (e.g. high-rise concrete frame structures) and can be incorporated into 
the improvement of the structural safety level of such structures.  
 
IX.2 Further research 
 
This thesis has provided substantial information with respect to the robustness 
quantification of FRP strengthened concrete structures, however, the work 
presented here does not cover all aspects and the following issues may be suggested 
for future research. 
 
Experimental investigation on compressive membrane action in FRP strengthened 
concrete members: given the CMA effect is significantly pronounced in FRP 
strengthened RC beams, the model proposed in Chapter IV deserves further 
research. Given the limited experimental basis, further tests will be valuable to 
justify the proposed model and to elaborate the scope of the conducted parametric 
study. 
 
Comprehensive reliability analysis of compressive membrane action in FRP 
strengthened concrete members: in Chapter VI the reliability aspects of 
compressive membrane action in FRP strengthened concrete beams was 
investigated. However, only the most probable failure modes were examined. The 
situation of other failure modes should be investigated in further research. 
Furthermore, a target reliability index of 3.8 with a reference period of 50 years is 
adopted from Eurocode for calibration in Chapter VI. Since for cases where CMA 
is accounted for the displacement at failure is relatively large, a FRP strengthened 
concrete beam, designed considering CMA, is less conservative than a 
conventionally designed FRP strengthened concrete beam. Therefore, when CMA 
is considered the penalty for under-designed FRP strengthened concrete beams 
should be larger than that for under-designed conventional FRP strengthened 
concrete beams. This issue is also of interest to be investigated in further research 
work. 
 
The development of load-deflection curves of FRP strengthened one-way concrete 
members in the consideration of membrane actions: the load bearing capacity of 
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FRP strengthened one-way concrete members considering compressive membrane 
action has been extensively investigated in the current thesis. Although for design 
purposes the ultimate strength of a member is the most significant aspect, the 
development over all stages with respect to load, deflection, strains and stresses, of 
a FRP strengthened concrete member considering membrane actions is also of great 
interest. In such a research work the tensile membrane action may also be included. 
 
The development of probabilistic models for common FRP composites: as pointed 
out in the current thesis, caution should be taken when the conclusions in Chapter 
V are applied in other situations where stochastic models of FRP composites are 
needed. It will be of great value to build a large experiment based databases with 
respect to the mechanical properties (tensile strength / stiffness, compressive 
strength / stiffness, shear strength / stiffness, poison ratio, heat conductivity etc.) of 
various types of FRP composites (CFRP, GFRP, AFRP, BFRP etc.). 
 
Simplified assessment methods for the system failure probability of concrete 
structures: one of the difficult tasks to quantify robustness following the 
methodologies used in Chapter VIII is to evaluate the system failure probability of 
the considered structure. The current methods to calculate the system failure 
probability of the most common concrete structures (e.g. framed structures), 
however, are too complex or dependent on advanced techniques such as finite 
element analysis. A simplified method offering sufficient accuracy would be 
desirable. 
 
Parametric study and sensitivity analysis of FRP composites to structural 
robustness in concrete structures: since FRP strengthening has been proven to be 
effective in enhancing structural robustness in Chapter VIII, it is interesting to 
further clarify how the magnitudes and variations of the properties of strengthening 
FRP (e.g. FRP reinforcement ratio, elastic modulus and ultimate limit strain etc.) 
quantitatively affect structural robustness. 
 
Influence of other FRP strengthening techniques on structural robustness: FRP 
strengthening has been proven to be effective to improve structural robustness. In 
the example in Chapter VIII, only the externally-bonded flexural strengthening 
technique is adopted for all the FRP strengthening schemes. For other widely 
adopted FRP strengthening like strengthening in shear and torsion, as well as 
confinement can also be adopted in cases where failure modes due to shear, torsion 
and deficient of concrete strength are significant. The influence of these 
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strengthening techniques on structural robustness deserves more investigation. 
Furthermore, other strengthening techniques like near-surface mounted method for 
flexural strengthening and side or U-shaped technique for shear strengthening may 
also be used. The influences of these techniques on structural robustness are still 
unknown. 
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In Section IV.2.3, the developed CMA model is facilitated by analysing the 
compatibility requirement. In this appendix, a derivation of the compatibility 
equation (i.e. Eq. (IV.4)) is given. For clarity, Figure IV.3 is replicated here. 
 
 
Figure A.1: Idealized geometry deformation of one-half of the restrained 
strengthened beam 
As given in Section IV.2.3, the small lateral deformation of the lateral restraints is 
given by: 
 
a
N
t
K
   (A.1) 
The compression strain related to the compressive force (N) is uniformly 
distributed along the beam under consideration, i.e. 
 
c c
N
E A
    (A.2) 
Therefore, the contraction of the portion shown in Figure A.1 is rl. In addition, 
the contraction of the middle portion of the beam (the zone in between the two 
central plastic hinges shown in Figure VI.1) is (1-2r)l. Then the compatibility 
requirement shown in Figure A.1 can be expressed as: 
 0 1
0.5 (1 2 )
(1 ) ( tan ( tan
cos 2 2
r r
r
l t l h h
l x x
  
   

  
     ） ）   (A.3) 
where x0, x1 are the neutral-axis depth in the span and at the beam end, respectively; 
and  is the rotation at the beam end. 
 
Multiplying both sides in Equation (A.3) by cos leads to 
 
0 10.5 (1 ) (cos 1) ( )sinrt l l h x x             (A.4) 
Considering that 
2cos 1 2sin
2

    , then  
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2
0 10.5 2(1 ) sin ( )sin
2
rt l l h x x

            (A.5) 
Since  is small, the approximation that sin 2sin
2

   holds. Moreover, 
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Then Equation (A.5) can be rewritten as: 
 
2
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By substituting Equations (A.1) and (A.2), Equation (A.7) is reformulated as: 
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The high-order term 
2

 can be neglected. Consequently, the compatibility 
equation (i.e. Equation IV.4) becomes: 
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In Chapter VIII, a plane concrete frame is adopted for robustness quantification. In 
this appendix, the frame is designed step by step according to the Eurocodes. 
B.1 Geometry and characteristics of loads 
The frame is seen as a part of an office building. The distance between two adjacent 
frames is 6 m. The frame has two bays and three storeys. Each bay is 5 m wide and 
the height of each storey is 4 m. The geometry is given as as follows: 
Storey height: 4 m;  
Storey width: 6 m;  
Slab width: 150 mm;  
Thickness of dividing walls: 200 mm; 
Sectional dimensions of beams: 200 × 500 mm; 
Sectional dimensions of columns: 300 × 400 mm. 
 
Then the characteristics of loads can be calculated as follows: 
Dead load (self-weight) (EN 1991-1-1 Table A.1): 
150 mm thick slab: 0.15 m × 6 m × 25 kN/m3 = 22.5 kN/m; 
200×500 mm beam: 0.2 m × (0.5 m − 0.15 m) × 25 kN/m3= 1.75 kN/m; 
200 mm thick dividing wall: 0.2 m × 4 m × 15 kN/m3 = 12 kN/m; 
(including finishing, pavement, embedded services etc.) 
In total: 22.5 + 1.75 + 12 = 36.25 kN/m. 
Imposed live load (EN 1991-1-1 Table 6.2): 
3.0 kN/m2 × 6 m = 18 kN/m. 
B.2 Load combination 
The combination of load actions for the ultimate limit state design is based on 
Equation (6.10a,b) in EN 1990 (CEN 2002), i.e. 
 
0,max{  ;  }d G k Q Q k G k Q kE G Q G Q          
in which 
G  =1.35, Q  =1.5, 0,Q  =0.7,   =0.85. Equations (6.10a,b) of EN 
1990 are used instead of (6.10) as the former allows to obtain a more homogeneous 
reliability level, while the later exhibits an overestimation of the reliability level 
for concrete structures. 
 
Therefore, according to Equations (6.10a) and (6.10b): 
qa = 1.35 × 36.25 + 0.7 × 1.5 × 18 = 67.84 kN/m; 
qb = 0.85 × 1.35 × 36.25 + 1.5 × 18 = 68.60 kN/m. 
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Consequently, the unfavourable combination load is q1 = q2 = q3 = 68.60 kN/m. 
B.3 Design results 
The frame is analysed by linear analysis. The internal forces including bending 
moments, shear forces as well as axial forces are shown in Figure VIII.2. Note that 
in the structural analysis all the primary beams are fully loaded for the purpose of 
the simplified example illustration and possible different configurations of imposed 
loads are not considered. 
 
When determining the configurations of the beams and columns steel bars with 
characteristic yield stress of 500 MPa and type C30/37 concrete are adopted. A 
concrete cover of 35 mm on axis distance for all sections is assumed. 
 
It can be seen from Figure VIII.2 that the beam members are subjected mainly to 
bending and the column members are subjected mainly to bending and axial force.  
 
After several trial designs, the design results show that a beam section should be 
reinforced with 5 20 steel bars (3 at top and 2 at bottom) throughout the member 
length and 10 stirrups at 250 mm spacing. For column members on the 1st and 2nd 
floors, a section is reinforced with one 20 steel bar at each corner. 25 steel bars 
are adopted for the column members on the 3rd floor. The configuration of stirrups 
for beams also applies for the columns. The design results are shown in Figure B.1. 
 
 
Figure B.1: Baseline design results: (a) beam section and (b) column section (on 
the 1st and 2nd floors) 
Furthermore, as the focus of Chapter VIII is among others to analyse the influence 
of compressive membrane action in a failure mode where flexural capacity is 
dominating, the beams are further strengthened in order to prevent shear failure in 
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the beam for the damaged situation. The final design for which the example is 
elaborated is illustrated in Figure VIII.3.  
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